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Abstract
We state and prove a Local Stable Manifold Theorem (Theorem 4.1) for non-linear
stochastic differential systems with ﬁnite memory (viz. stochastic functional differential
equations (sfde’s)). We introduce the notion of hyperbolicity for stationary trajectories of
sfde’s. We then establish the existence of smooth stable and unstable manifolds in a
neighborhood of a hyperbolic stationary trajectory. The stable and unstable manifolds are
stationary and asymptotically invariant under the stochastic semiﬂow. The proof uses inﬁnite-
dimensional multiplicative ergodic theory techniques developed by D. Ruelle, together with
interpolation arguments.
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1. Preliminaries
This paper is a sequel to [M-S.3]. In [M-S.3], we constructed a smooth locally
compact stochastic semiﬂow for a large class of non-linear stochastic functional
differential equations (sfde’s) exempliﬁed by (I) below. In this paper, we will use the
stochastic semiﬂow constructed in [M-S.3] in order to develop a non-linear
multiplicative ergodic theory for sfde’s. The theory is used to characterize local
stability of trajectories of the sfde in the neighborhood of a stationary trajectory. In
order to describe this characterization more precisely, and for the rest of the article,
we will recall some of the formulation and notation in [M-S.3].
Let ðO;F; PÞ be a probability space. Denote by %F the P-completion ofF; and let
ðO; %F; ðFtÞtX0; PÞ be a complete ﬁltered probability space satisfying the usual
conditions [Pr].
Denote by W : R O-Rp; p-dimensional Brownian motion on ðO;F;
ðFtÞtAR; PÞ: Throughout the paper, we will adopt the following set-up:
(i) Let y : R O-O be a P-preserving ﬂow on O; viz.
(a) y is ðBðRÞ#F;FÞ-measurable,
(b) yðt þ s; Þ ¼ yðt; Þ3yðs; Þ; s; tAR;
(c) yð0; Þ ¼ IO; the identity map on O;
(d) P3yðt; Þ1 ¼ P; tAR:
(ii) y is ergodic.
(iii) Let fFst : NosptoNg be a family of sub-s-algebras of %F satisfying the
following conditions:
(a) yðr; ÞðFstÞ ¼Fsþrtþr for all rAR; NosptoN:
(b) For each sAR; ðO; %F; ðFssþuÞuX0; PÞ is a ﬁltered probability space satisfying
the usual conditions, and F0t ¼Ft; tX0 [Pr].
(iv) The Brownian motion is a helix with respect to y: For every sAR; there exists a
sure event OsAF such that
Wðt þ s;oÞ ¼ Wðt; yðs;oÞÞ þ Wðs;oÞ
for all tAR; all oAOs:
Consider the autonomous sfde:
dxðtÞ ¼ HðxðtÞ; xtÞ dt þ GðxðtÞÞ dW ðtÞ; t40
xð0Þ ¼ vARd ; x0 ¼ ZAL2ð½r; 0;RdÞ;

ðIÞ
driven by the Brownian motion W : R O-Rp: Let r40: The solution x :
½r;NÞ  O-Rd is ðBð½r;NÞÞ#F; BðRdÞÞ-measurable and ðFtÞtX0-adapted.
For each tX0; xtAL2ð½r; 0;RdÞ is the segment
xtð;oÞðsÞ :¼ xðt þ s;oÞ; sA½r; 0; oAO:
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The coefﬁcients H and G in (I) are continuous non-linear functionals H : M2-R
d ;
G : Rd-LðRp;RdÞ; satisfying the regularity hypotheses ðSMWÞk;d stated below.
Recall that the space M2 :¼ Rd  L2ð½r; 0;RdÞ carries the natural Hilbert norm
jjðv; ZÞjj2M2 :¼ jvj
2 þ jjZjj2L2 ; vARd ; ZAL2ð½r; 0;RdÞ:
For a general theory of sfde’s of type (I) the reader may refer to [Mo.1] and
[Mo.4].
In order to specify our regularity hypotheses on the coefﬁcients of (I), we shall
recall some notation from [M-S.3] which will be used throughout this article.
Let E; N; K; L be real Banach spaces. Denote by LkðE; NÞ the Banach space
of all continuous k-multilinear maps A : Ek-N with the uniform norm jjAjj :¼
supfjAðv1; v2;y; vkÞj : viAE; jvijp1; i ¼ 1;y; kg: Suppose UDE is an open set. A
map f : U-N is said to be of class Ck;d (kX1; dAð0; 1) if it is Ck and if Dkf :
U-LkðE; NÞ is d-Ho¨lder continuous on bounded sets in U : A Ck;d map f : U-N
(kX1; dAð0; 1) is said to be of class Ck;db if all its derivatives D jf : U-LkðE; NÞ;
1pjpk; are globally bounded on U ; and Dkf : U-LkðE; NÞ is d-Ho¨lder continuous
on U : When U is bounded, we denote by Ck;dðU ; NÞ the Banach space of all Ck;d
maps f : U-N given the norm





jjD jf ðvÞjj þ sup
ðv;v0ÞAðUUÞ-Dc
jjDkf ðvÞ  Dkf ðv0Þjj
jv  v0jd
;
where D :¼ fðv; vÞ : vAEg: Let
Y : R E  N  K  O-L
ðt; z; v; Z;oÞ/Y ðt; z; v; Z;oÞ
be a random ﬁeld that is a.s. Fre´chet differentiable in ðz; v; ZÞ: We will denote its
partial Fre´chet derivatives with respect to z; v; Z by D2Y ðt; z; v; Z;oÞ : E-L;
D3Yðt; z; v; Z;oÞ : N-L and D4Yðt; z; v; Z;oÞ : K-L respectively.
The following hypotheses will be imposed on (I) throughout this paper.
Hypotheses. ðSMW Þk;d:
(1) H : M2-R
d is of class Ck;db and is globally bounded.
(2) G : Rd-LðRp;RdÞ is of class Ckþ1;db :
Assume Hypotheses ðSMW Þk;d for some kX1; dAð0; 1: Then by Theorem 4.1
([M-S.3]), the sfde (I) has a stochastic semiﬂow which we will denote by
X : Rþ  M2  O-M2; where X ðt; ðv; ZÞ; Þ :¼ ðxðv;ZÞðtÞ; xðv;ZÞt Þ a.s. for all ðt; ðv; ZÞÞA
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Rþ  M2; and xðv;ZÞ is the unique solution of (I) through ðv; ZÞAM2: The stochastic
semiﬂow of (I) has a version, also denoted by X ; such that the pair ðX ; yÞ is a perfect
cocycle on M2; viz.
Xðt1 þ t2; ðv; ZÞ;oÞ ¼ X ðt2; Xðt1; ðv; ZÞ;oÞ; yðt1;oÞÞ
for all oAO; t1; t2X0; ðv; ZÞAM2: Furthermore, each Xðt; ;oÞ is locally compact for
tXr; of class Ck;e for any eAð0; dÞ; and DX ðt; ðv; ZÞ;oÞ is compact linear for every
ðv; ZÞAM2 ([M-S.3], Theorem 4.1).
Our main objective in this article is to prove a random non-linear saddle-point
property for the sfde (I) under the regularity Hypotheses ðSMW Þk;d on the
coefﬁcients (Theorem 4.1). Theorem 4.1 is a local stable manifold theorem for the sfde
(I). Like its deterministic counterpart, this theorem gives a local non-linear random
set of coordinates in a neighborhood of a hyperbolic stationary trajectory. Such a set
of coordinates consists of random stationary families of inﬁnite-dimensional stable
manifolds and a corresponding stationary family of ﬁnite-dimensional unstable
manifolds for the stochastic semiﬂow. The stable and unstable manifolds intersect
transversally at the stationary trajectory and are asymptotically invariant under the
stochastic semiﬂow.
We next give a broad outline of the key ideas that go into the proof of the above
result.
* By deﬁnition, a stationary random point YðoÞAM2 is invariant under the
semiﬂow X ; viz Xðt; YÞ ¼ Y ðyðt; ÞÞ for all times t:
* We linearize the semiﬂow X along the stationary point YðoÞ in M2: In view of the
stationarity of Y and the cocycle property of X ; this gives a linear perfect cocycle
ðD2Xðt; YÞ; yðt; ÞÞ in LðM2Þ; where D2 denotes the ﬁrst spatial (Fre´chet)
derivative in the M2-variable.
* In view of the ergodicity of y; we can introduce the notion of hyperbolicity for a
stationary trajectory of (I) as follows. We use local compactness of the semiﬂow
for times greater than the delay r (Part I, Theorem 4.1(iii)), and apply Ruelle–
Oseledec’s multiplicative ergodic theorem in order to yield a discrete non-random
Lyapunov spectrum fli : iX1g for the linearized cocycle. Say that Y is hyperbolic
if lia0 for every iX1:
* Assuming that jjY jje is integrable ( for small e) and using the method of
construction of the semiﬂow in Part I, we show that the linearized cocycle satisﬁes
the hypotheses for ‘‘perfect versions’’ of the ergodic theorem and Kingman’s
subadditive ergodic theorem (Lemmas 5.1, 5.2). These reﬁned versions yield
invariance of the Oseledec spaces under the continuous-time linearized cocycle. In
particular, the stable/unstable subspaces will serve as tangent spaces to the local
stable/unstable manifolds of the non-linear semiﬂow X :
* We establish continuous-time integrability estimates on the spatial derivatives
of the non-linear cocycle X in a neighborhood of the stationary point Y :
These estimates follow from the construction of the stochastic semiﬂow in
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Part I coupled with known global spatial estimates for ﬁnite-dimensional
stochastic ﬂows.
* We introduce the auxiliary perfect cocycle
Zðt; ;oÞ :¼ Xðt; ðÞ þ YðoÞ;oÞ  Yðyðt;oÞÞ; tARþ; oAO:
By reﬁning the arguments in proofs by Ruelle ([Ru.2], Theorems 5.1 and 6.1),
we construct local stable/unstable manifolds for the discrete cocycle
ðZðnr; ;oÞ; yðnr;oÞÞ near 0 and hence (by translation) for X ðnr; ;oÞ near YðoÞ
for all o sampled from a yðt; Þ-invariant sure event in O: This is possible because
of the continuous-time integrability estimates, the perfect ergodic theorem and the
perfect subadditive ergodic theorem (Lemmas 3.2, 5.1, 5.2). By interpolating
within delay periods of length r and further reﬁning the arguments in the proofs of
Ruelle’s theorems (Theorems 5.1, 6.1, [Ru.2]), we then show that the above
manifolds also serve as local stable/unstable manifolds for the continuous-time
semiﬂow X near Y :
* The ﬁnal key step is to establish the asymptotic invariance of the local
stable manifolds under the stochastic semiﬂow X : This is achieved by appealing
to the arguments underlying the proofs of Theorems 4.1 and 5.1 in Ruelle
[Ru.2] and some additional estimates using the continuous-time integrability
properties, and the perfect subadditive ergodic theorem. The asymptotic
invariance of the local unstable manifolds follows by employing the concept of
a history process for X (Theorem 4.1(d)) coupled with similar arguments to the
above. The existence of the history process compensates for the lack of
invertibility of the semiﬂow.
Remark. The results in this paper can be extended to cover the following class of
sfde’s driven by Kunita-type spatial semimartingales [M-S.3]:
dxðtÞ ¼ HðxðtÞ; xtÞmðdtÞ þ Gðdt; xðtÞ; gðxtÞÞ; t40;
xð0Þ ¼ vARd ; x0 ¼ ZAL2ð½r; 0;RdÞ:

ðI0Þ
In ðI0Þ; H; G; g; m satisfy the hypotheses in Section 5(i), (GE)(i), and ðC0Þ of
[M-S.3]. In addition, assume that for every ﬁnite T40; the random variable
sup0ptpT mðt; Þ has moments of all orders. We further assume that H and g are Ck;db ;
C
kþ1;d
b (resp.) and are globally bounded. Furthermore, G is a helix with respect to a
P-preserving ergodic shift y : R O-O and m is an adapted non-decreasing
continuous helix.
2. Stationary trajectories: hyperbolicity
In this section, we will introduce the notion of a stationary hyperbolic trajectory
for the sfde (I). This is an essential ingredient of the local stable manifold theorem for
(I) (Theorem 4.1).
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Deﬁnition 2.1. Say that the sfde (I) has a stationary point if there exists an
ðF;BðM2ÞÞ-measurable random variable Y : O-M2 such that
X ðt; Y ðoÞ;oÞ ¼ Yðyðt;oÞÞ ð2:1Þ
for all tARþ and every oAO: We will refer to X ðt; Y Þ as a stationary trajectory of (I).
Note that, in general, a stationary trajectory is anticipating. On the other hand,
the distribution of a non-anticipating stationary trajectory is an invariant measure
for the Markov trajectory fðxðv;ZÞðtÞ; xðv;ZÞt Þ : ðt; ðv; ZÞÞARþ  M2g of (I). More
precisely, suppose Y : O-M2 is an F-measurable stationary random point for
the sfde (I) satisfying the identity (2.1) and independent of the Brownian motion
WðtÞ; tX0: Let r :¼ P3Y1 be the distribution of Y : Using the independence of Y
and WðtÞ; tX0; the reader may check directly that r is an invariant probability
measure on M2 for the Markov trajectory fðxðv;ZÞðtÞ; xðv;ZÞt Þ : ðt; ðv; ZÞÞARþ  M2g of
(I). (Cf. [A, Ba, Cr, Le, L-Y].)
Example. Consider the afﬁne linear sfde
dxðtÞ ¼ HðxðtÞ; xtÞ dt þ G dW ðtÞ; t40;
xð0Þ ¼ vARd ; x0 ¼ ZAL2ð½r; 0;RdÞ;

ðI00Þ
where H : M2-R
d is a continuous linear map, G : Rp-Rd is linear, and W is
p-dimensional Brownian motion. Assume that the linear deterministic fde
dyðtÞ ¼ HðyðtÞ; ytÞ dt; tX0;




TuðG dW ðuÞ; 0Þ: ð2:2Þ
Using integration by parts and the fact that
Wðt; yðt1;oÞÞ ¼ Wðt þ t1;oÞ  Wðt1;oÞ; t; t1AR; ð2:3Þ
the reader may check that Y has an ðF;BðM2ÞÞ-measurable version satisfying (2.1).
Note also that Y is Gaussian and thus has ﬁnite moments of all orders. See ([Mo.1],
Theorem 4.2, Corollary 4.2.1, pp. 208–217.) More generally, when H is hyperbolic,
one can show that a stationary point of (I00) exists ([Mo.1]).
Sufﬁcient conditions for the existence (and uniqueness) of stationary points for the
sfde (I) are given in [I-N] and Appendix A.
Remarks.
(i) If (2.1) holds for each tARþ on a sure event Ot that may depend on t; then there
is a version of Y such that (2.1) holds identically for all oAO and all tARþ [Sc].
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(ii) The stationary trajectory extends to a meaningful trajectory for negative times;
that is
X ðt; Y ðyðs;oÞÞ; yðs;oÞÞ ¼ Yðyðt þ s;oÞÞ ð2:4Þ
for all sAR; tARþ and every oAO: To see this, we let the sfde start at negative
initial instants t0 and then solve forward in time:
xðtÞ ¼ v þ R t
t0
HðxðuÞ; xuÞ du þ
R t
t0
GðxðuÞÞ dW ðuÞ; tXt0;
xðtÞ ¼ Zðt  t0Þ; t0  rotot0:

ðI000Þ
where ðv; ZÞAL2ðO; M2;Ft0Þ: Denote by X t0t ððv; ZÞ;oÞ the trajectory
fðxðtÞ; xtÞ : tXt0; ðxðt0Þ; xt0Þ ¼ ðv; ZÞg of (I000). Then by the remark following
the proof of Theorem 4.1 ([M-S.3]), one has X t0t ððv; ZÞ;oÞ ¼ Xðt 
t0; ðv; ZÞ; yðt0;oÞÞ; tXt0; oAO; ðv; ZÞAM2: In particular, (2.1) implies that
X t0t ðY ðyðt0;oÞÞ;oÞ ¼ Y ðyðt;oÞÞ; tXt0; oAO:
We now describe a procedure for generating stationary points when the sfde (I)
admits stationary solutions in the sense of [I-N].
Without loss of generality, assume that the sfde (I) and its driving Brownian
motion W are deﬁned on the canonical ﬁltered Wiener space ðO;F; ðFtÞtAR; PÞ;
viz. O :¼ CðR;Rp; 0Þ; F :¼ BðCðR;Rp; 0ÞÞ; P is Wiener measure on O; Ft :¼ the
P-completion of the s-algebra sfeu  ev : vpuptg; tAR; and eu : CðR;Rp; 0Þ{
o/oðuÞARp; uAR; are evaluation maps.
Deﬁne eO :¼ CðR;RdÞ  CðR;Rp; 0Þ: Furnish eO with the s-algebra fF :¼
BðCðR;RdÞÞ#BðCðR;Rp; 0ÞÞ: In the following computations, sample points fromeO will be denoted by eo :¼ ð f ;oÞACðR;RdÞ  CðR;Rp; 0Þ: Deﬁne the processes
xN : R eO-Rd and WN : R eO-Rp by
xNðt; eoÞ :¼ f ðtÞ; WNðt; eoÞ :¼ Wðt;oÞ ¼ oðtÞ
for all tAR; eo :¼ ð f ;oÞAeO:
Assume that xN is a stationary solution of the sfde (I) (cf. [I-N], pp. 2–3). That is,
there exists a probability measure PN on ðeO;fFÞ such that the following is true:
(i) WN is p-dimensional standard Brownian motion on ðeO;fF; PNÞ:
(ii) ðxN; dWNÞ are strictly stationarily correlated in the sense that the law of the
process
ðxNðt; Þ; WNðu; Þ  WNðv; Þ; tAR; vpuÞ
is invariant under time-shifts.
(iii) The s-algebra sfxNðuÞ : uptg3sfWNðu; Þ  WNðv; Þ; vpuptg is indepen-
dent of sfWNðu; Þ  WNðv; Þ; tpvpug under PN for each tAR:
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(iv) xN is a two-sided solution of (I) when W is replaced by WN:
dxNðtÞ ¼ HðxNðtÞ; xNt Þ dt þ GðxNðtÞÞ dWNðtÞ; t4s4N: ðINÞ
See [I-N] and the appendix to this article for a method of constructing stationary
solutions of (I).
We will show below that the stationary solution xN gives rise to a stationary point
in the sense of Deﬁnition 2.1.
Let ey : R eO-eO denote the two-sided shift
eyðt; eoÞ :¼ ð f ðt þ Þ; yðt;oÞÞ; tAR; eo :¼ ð f ;oÞAeO;
where y : R CðR;Rp; 0Þ-CðR;Rp; 0Þ is the canonical Brownian shift
yðt;oÞðsÞ :¼ oðt þ sÞ  oðtÞ; t; sAR; oACðR;Rp; 0Þ:
It is easy to check that ðWN;eyÞ is a helix. Next observe that PN is invariant under
the two-sided shift eyðt; Þ : eO-eO; tAR; viz. PN3eyðt; Þ1 ¼ PN for all tAR: This is a
consequence of the deﬁnition of ey and the fact that ðxN; dWNÞ are strictly
stationarily correlated.
Let ðXðt; ;oÞ; yðt;oÞÞ; tX0; be the perfect cocycle on M2 associated with the sfde
(I). Deﬁne the random ﬁeld eX : Rþ  M2  eO-M2 by
eX ðt; ðv; ZÞ; eoÞ :¼ Xðt; ðv; ZÞ;oÞ; tX0; eo :¼ ð f ;oÞAeO; ðv; ZÞAM2:
It is easy to see that ð eX ðt; ; eoÞ; eyðt; eoÞÞ; tX0; is the perfect cocycle on M2 generated
by trajectories of the sfde (I) on the probability space ðeO;fF; PNÞ; and where W is
replaced by WN:
Deﬁne the ðfF;BðCð½r; 0;RdÞÞÞ-measurable random variable Z : eO-
Cð½r; 0;RdÞ by ZðeoÞ :¼ xN0 ð; eoÞ for all eoAeO: It follows directly from the
deﬁnitions of xN and ey that
Zðeyðt; eoÞÞ ¼ xNt ð; eoÞ; tAR; eoAeO:
Now deﬁne the random mapping Y : eO-M2 by
Y ðeoÞ :¼ ðZðeoÞð0Þ; ZðeoÞÞ; eoAeO:
ARTICLE IN PRESS
S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 206 (2004) 253–306260
Clearly Y is ðfF;BðM2ÞÞ-measurable. Furthermore, for PN-a.a. eoAeO; we have
Yðeyðt; eoÞÞ ¼ ðxNðt; eoÞ; xNt ð; eoÞÞ
¼ eXðt; ðxNð0; eoÞ; xN0 ð; eoÞÞ; eoÞ
¼Xðt; ðZðeoÞð0Þ; ZðeoÞÞ;oÞ
¼ eXðt; YðeoÞ; eoÞ
for all tX0: Hence there is anfF-measurable version of Y (also denoted by the same
symbol) such that the equality
Y ðeyðt; eoÞÞ ¼ eXðt; YðeoÞ; eoÞ
holds for all eoAeO and all tX0 (Remark (i) above, [Sc]). This shows that Y
is a stationary point for the cocycle ð eX ;eyÞ in the sense of Deﬁnition 2.1.
Furthermore, and in order to satisfy the set-up in Section 1, we stipulate
that the stationary measure PN is ergodic with respect to the two-sided
shift ey:
Note that if we pick a stationary solution of (I) in the sense of [I-N]
(Appendix A, Theorem A.1), then Y will be independent of the forward increments
fWNðu; Þ  WNðv; Þ; 0pvpug under PN; because in this case xN0 will have the
same property.
Lemma 2.1. Assume Hypotheses ðSMWÞk;d ðkX1; dAð0; 1Þ: Let Y be a





jjD2X ðt2; Yðyðt1;oÞÞ; yðt1;oÞÞjjLðM2Þ dPðoÞoN ð2:5Þ
for any fixed 0oToN:
In particular, the linearized semiflow ðD2Xðt; YðoÞ;oÞ; yðt;oÞÞ is an LðM2Þ-valued
perfect cocycle with a discrete fixed Lyapunov spectrum fNo?oliþ1o
lio?ol2ol1g: If the Lyapunov spectrum is infinite, then liþ1oli for all iX1;
otherwise there is a fixed (non-random) integer N41 such that flN ¼
NolN1o?ol2ol1g: Furthermore, each finite liðARÞ has finite non-random
multiplicity.
Proof. The proof of the lemma is based on linearizing the random variational
integral equation underlying (I), which was established in [M-S.3]. More speciﬁcally,
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the sfde (I) is equivalent to the following random integral equation:
zðt; xðt;oÞ;oÞ ¼ v þ
Z t
0
Fðu; zðu; xðu;oÞ;oÞ; xðu;oÞ; xuð;oÞ;oÞ du; ð2:6Þ
where 0ptpT ; ðv; ZÞAM2; and F : ½0;NÞ  Rd  M2  O-Rd is given by
Fðt; z; v; Z;oÞ :¼ fDcðt; z;oÞg1Hðv; ZÞ ð2:7Þ
for all tX0; z; vARd ; ZAL2ð½r; 0;RdÞ; oAO: In (2.6), the random ﬁeld
z : ½0;NÞ  Rd  O-Rd is deﬁned by
zðt; x;oÞ :¼ cðt; ;oÞ1ðxÞ; tX0; xARd ; oAO:
In (2.6) and (2.7), c is the Ckþ1;e ð0oeodÞ stochastic ﬂow of the stochastic ordinary
differential equation (without delay)(sode):
dcðtÞ ¼ GðcðtÞÞ dW ðtÞ; tX0;
cð0Þ ¼ xARd :

ð2:8Þ
The sode (2.8) generates a perfect cocycle ðc; yÞ:
cðt1 þ t2; ;oÞ ¼ cðt2; ; yðt1;oÞÞ3cðt1; ;oÞ; t1; t2X0; oAO:
We quote the following estimates on c from [M-S.2] and [Ku]:
sup
0ptpT
jcðt; x;oÞjpKðoÞ½1þ jxjðlogþ jxjÞe; ð2:9Þ
sup
0ptpT
jzðt; x;oÞjpKðoÞ½1þ jxjðlogþ jxjÞe; ð2:10Þ
sup
0ptpT
jjD jcðt; x;oÞjjpKðoÞð1þ jxjeÞ; ð2:11Þ
sup
0ptpT
jj½Dcðt; x;oÞ1jjpKðoÞð1þ jxjeÞ ð2:12Þ
for each e40; 1pjpk þ 1; some K ¼ Kðe;o; TÞ40 and all xARd : The F-
measurable random variable Kðe; ; TÞ has moments of all orders.
Write xðt; ðv; ZÞ;oÞ :¼ x0;ðv;ZÞðt;oÞ ¼ cðt; zðt; xðtÞ;oÞ;oÞ; and take Fre´chet deri-
vatives in ðv; ZÞ to obtain
D2xðt; ðv; ZÞ; yðt1;oÞÞðv1; Z1Þ
¼ D2cðt; zðt; xðt; ðv; ZÞ; yðt1oÞÞ; yðt1oÞÞ½v1
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fD2Fðu; zðu; xðu; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞ; xðu; ðv; ZÞ; yðt1;oÞÞ;
xuð; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞ
D2zðu; xðu; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞD2xðu; ðv; ZÞ; yðt1;oÞÞðv1; Z1Þ
þ D3Fðu; zðu; xðu; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞ; xðu; ðv; ZÞ; yðt1;oÞÞ;
xuð; ðv; ZÞ;oÞ; yðt1;oÞÞ  D2xðu; ðv; ZÞ; yðt1;oÞÞðv1; Z1Þ
þ D4Fðu; zðu; xðu; ðv; ZÞ; yðt1oÞÞ; yðt1;oÞÞ;
xðu; ðv; ZÞ; yðt1;oÞÞ; xuð; ðv; ZÞ;oÞ; yðt1;oÞÞ
D2xuð; ðv; ZÞ; yðt1;oÞÞðv1; Z1Þg du ð2:13Þ
for any ﬁxed ðv; ZÞ; ðv1; Z1ÞAM2; oAO and 0otoT :
In the estimates below, we will denote by e40 an arbitrarily small number, T a
positive real number and Ki :¼ Kiðe; ; TÞ; i ¼ 1; 2; 3;y; positive F-measurable
random constants that have moments of all orders. For the rest of this proof, the
choice of e40 may vary from line to line. For brevity of notation, set yðtÞ :¼
zðt; xðt; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞ:
We claim that there is a random positive constant K1 such that
jFðt; z; v; Z; yðt1;oÞÞjpK1ðoÞð1þ jzjeÞ;
jjDiFðt; z; v; Z; yðt1;oÞÞjjpK1ðoÞð1þ jzjeÞ

ð2:14Þ
for 0pt; t1pT ; oAO; z; vARd ; ZAL2ð½r; 0;RdÞ; i ¼ 2; 3; 4: We will prove the ﬁrst
inequality in (2.14), and leave the proof of the second inequality to the reader. The
following inequalities follow directly from (2.7), the global boundedness of H; the
cocycle property for c; the chain rule, and (2.9)–(2.12):
jFðt; z; v; Z; yðt1;oÞÞj
pC1jj½Dcðt; z; yðt1;oÞÞ1jj
pC2ðoÞjjDcðt1;cðt1; ;oÞ1ðzÞ;oÞjj  jj½Dcðt þ t1;cðt1; ;oÞ1ðzÞ;oÞ1jj
pC3ðoÞ½1þ jcðt1; ;oÞ1ðzÞje2
pC4ðoÞ½1þ j1þ jzjðlogþ jzjÞeje2
pK1ðoÞ½1þ jzje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for 0pt; t1pT ; oAO; z; vARd ; ZAL2ð½r; 0;RdÞ: In the above inequalities, Ci; i ¼
1; 2;y; 4; are (possibly) random positive constants with moments of all orders. This
completes the proof of the ﬁrst inequality in (2.14).
From (2.13), (2.14) and (2.12), it follows that




fð1þ jyðuÞjeÞð1þ jxðu; ðv; ZÞ; yðt1;oÞÞjeÞ

jjD2xðu; ðv; ZÞ; yðt1;oÞÞjj
þ ð1þ jyðuÞjeÞjjD2xuð; ðv; ZÞ; yðt1;oÞÞjjg du

ð2:15Þ
for all ðv; ZÞAM2; tA½0; T ; oAO: Now using the relation
xðt; ðv; ZÞ; yðt1;oÞÞ ¼ cðt; yðtÞ; yðt1;oÞÞ;
estimate (2.9) and the cocycle property for c; it is easy to see that
jxðt; ðv; ZÞ; yðt1;oÞÞjpK4ðoÞ½1þ jyðtÞjðlogþ jyðtÞjÞe ð2:16Þ
for all oAO; and t; t1A½0; T :
Fix oAO; and t; t1A½0; T : Then using (2.6) and (2.14), we get



















Then (2.17) implies that






Now divide both sides of the above inequality by jyðtÞje to obtain
jyðtÞj1epK8ðoÞ½1þ jvj: ð2:19Þ
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Therefore, (replacing e by 1 e in (2.19)), we get





jxðu; ðv; ZÞ; yðt1;oÞÞj:
Then (2.16) and (2.20) imply that





jjD2xðu; ðv; ZÞ; yðt1;oÞÞjj:
We will estimate jjD2xtð; ðv; ZÞ;oÞjj in terms of jjD2xðu; ðv; ZÞ;oÞjj; 0pupt: Let
ðv; ZÞ; ðv1; Z1ÞAM2; Z2AL2ð½r; 0;RdÞ; tA½0; r; hAR; oAO: Then












/Z1ðt þ sÞ; Z2ðsÞS ds
				 				þ Z t
0
/½D2xðs; ðv; ZÞ;oÞððv1; Z1ÞÞ; Z2ðs  tÞS ds
				 				














jjD2xðs; ðv; ZÞ;oÞjjLðM2;Rd Þ; ð2:23Þ
for all tA½0; r; ðv; ZÞAM2; oAO: For tXr; a similar argument to the above also gives
(2.23).




½1þ jvj2ðlogþ jvjÞeeaðuÞ du
 
:




S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 206 (2004) 253–306 265
Taking logþ in the above inequality, it is not difﬁcult to see that, for sufﬁciently
small e40;
logþ jjD2Xðt2; ðv; ZÞ; yðt1;oÞÞÞjjLðM2Þplogþ K14ðoÞ þ K15ðoÞjvje ð2:25Þ
for all ðv; ZÞAM2; oAO; t1; t2A½0; T ; where K14 ¼ K14ðe; ; TÞ; K15 ¼ K15ðe; ; TÞ
have moments of all orders. Observe that the function on the left-hand
side of (2.25) is jointly measurable in ðt1; t2; ðv; ZÞ;oÞ because of the
remark following the proof of Theorem 4.1 [M-S.3]. Assertion (2.5) of the
lemma now follows from the above inequality by replacing ðv; ZÞ with
Yðyðt1;oÞÞ ¼ Xðt1; YðoÞ;oÞ; using (2.21) and the fact that EðjjY jjeÞoN
for 0oepe0:
The perfect cocycle property for ðD2Xðt; YðoÞ;oÞ; yðt;oÞÞ follows directly by
taking Fre´chet derivatives at ðv; ZÞ ¼ YðoÞ on both sides of the cocycle identity for
ðX ; yÞ; viz.
D2X ðt1 þ t2; YðoÞ;oÞ ¼D2Xðt2; Xðt1; Y ðoÞ;oÞ; yðt1;oÞÞ3D2Xðt1; YðoÞ;oÞ
¼D2Xðt2; Yðyðt1;oÞÞ; yðt1;oÞÞ3D2Xðt1; YðoÞ;oÞ
for all oAO; t1; t2X0: The existence of a ﬁxed discrete spectrum for the
linearized cocycle follows directly from the integrability property (2.5),
the compactness of the derivative D2X ðr; Y ðoÞ;oÞ ([M-S.3], Theorem 4.1(iii)),
and the analysis in [Ru.2], [Mo.2] and [M-S.1]. This completes the proof of the
lemma. &
Remark. If we differentiate the sfde (I) at any ðv; ZÞAM2; then the derivative
ﬂow




satisﬁes the linearized sfde
dyðtÞ ¼ DHðXðt; ðv; ZÞÞÞðyðtÞ; ytÞ dt þ DGðX 1ðt; ðv; ZÞÞÞðyðtÞÞ dW ðtÞ; t40
yð0Þ ¼ v1ARd ; y0 ¼ Z1AL2ð½r; 0;RdÞ

ðIIÞ
(cf. [Mo.1], Corollary 2.1.3, p. 136). In (II), the superscript 1 denotes the projection
of M2 onto the ﬁrst factor R
d : On the other hand, it is not clear whether the
anticipating process
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satisﬁes the linear sfde obtained from (II) by replacing ðv; ZÞ with YðoÞ: The
substitution theorems in [M-S.4], [Nu] and [M-N-S] do not seem to apply in our
present inﬁnite-dimensional setting. Of course, the above difﬁculty does not arise in
the rather special case when Y ðoÞ is ﬁxed independently of o; e.g. Hð0; 0Þ ¼ 0;
Gð0Þ ¼ 0:
Deﬁnition 2.2. A stationary point YðoÞ of (I) is said to be hyperbolic if the linearized
cocycle ðD2Xðt; YðoÞ;oÞ; yðt;oÞÞ has a non-vanishing Lyapunov spectrum
f?oliþ1olio?ol2ol1g; viz. lia0 for all iX1:
By the integrability property (2.5) and Theorem 4 [Mo.2], one obtains the
sequence of closed ﬁnite-codimensional Oseledec spaces
?Eiþ1ðoÞCEiðoÞC?CE2ðoÞCE1ðoÞ ¼ M2;
where




log jjD2Xðt; YðoÞ;oÞðv; ZÞjjpli
 
; iX1;
for all oAO; a sure event in F satisfying yðt; ÞðOÞ ¼ O for all tAR:
Furthermore, we will denote by fUðoÞ;SðoÞ :oAOg the unstable and stable
subspaces associated with the linearized cocycle ðD2X ; yÞ as given by ([Mo.2],
Section 4, Corollary 2) and ([M-S.1], Theorem 5.3). In particular, one has the
F-measurable invariant splitting
M2 ¼ UðoÞ"SðoÞ; oAO;
D2Xðt; YðoÞ;oÞðUðoÞÞ ¼ Uðyðt;oÞÞ; D2Xðt; YðoÞ;oÞðSðoÞÞDSðyðt;oÞÞ; tX0;
together with the exponential dichotomies
jjD2X ðt; Y ðoÞ;oÞðv; ZÞjjM2Xjjðv; ZÞjjM2ed1t for all tXt1; ðv; ZÞAUðoÞ;
jjD2X ðt; Y ðoÞ;oÞðv; ZÞjjM2pjjðv; ZÞjjM2ed2t for all tXt2; ðv; ZÞASðoÞ;
where ti ¼ ti ðv; Z;oÞ40; i ¼ 1; 2; are random times and di40; i ¼ 1; 2; are ﬁxed.
Note that the unstable subspaces UðoÞ; oAO; are constructed using long-term
behavior of the adjoint linearized cocycle ð½D2X ðt; Þ; yðt; ÞÞ for tX0 ([Mo.2],
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Section 4, Corollary 2). Cf. also [Mo.3].
3. Integrability estimates
In the subsequent sections, we shall prove a local stable manifold theorem for the
sfde (I) near a hyperbolic stationary trajectory. This will be achieved by developing
further integrability estimates on higher-order Fre´chet derivatives of X in the
neighborhood of the stationary point, and then applying Ruelle’s discrete non-linear
inﬁnite-dimensional ergodic theorems ([Ru.2], Theorems 5.1, 6.1, pp. 272–282). In
order to do this, we will ﬁrst assume throughout this section that Y : O-M2 is an
F-measurable hyperbolic stationary point of (I). Next, we introduce the following
auxiliary cocycle Z : Rþ  M2  O-M2; which is essentially a ‘‘centering’’ of the
semiﬂow X about the stationary trajectory:
Zðt; ðv; ZÞ;oÞ :¼ X ðt; ðv; ZÞ þ YðoÞ;oÞ  Yðyðt;oÞÞ ð3:1Þ
for tX0; ðv; ZÞAM2; oAO:
Lemma 3.1. ðZ; yÞ is a perfect cocycle on M2 and Zðt; 0;oÞ ¼ 0 for all tX0; and all
oAO:
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Proof. Let t1; t2X0; oAO; ðv; ZÞAM2: Then by the cocycle property for X ; we
have
Zðt2; Zðt1; ðv; ZÞ;oÞ; yðt1;oÞÞ ¼Xðt2; Zðt1; ðv; ZÞ;oÞ þ Y ðyðt1;oÞÞ; yðt1;oÞÞ
 Y ðyðt2; yðt1;oÞÞÞ
¼Xðt2; Xðt1; ðv; ZÞ þ YðoÞ;oÞ; yðt1;oÞÞ
 Y ðyðt2 þ t1;oÞÞ
¼Zðt1 þ t2; ðv; ZÞ;oÞ:
Therefore, ðZ; yÞ is a perfect cocycle.
The assertion Zðt; 0;oÞ ¼ 0; tX0; oAO; follows directly from (3.1) and
Deﬁnition 2.1. &
If rARþ and ðv; ZÞAM2; recall that Bððv; ZÞ; rÞ is the open ball with center ðv; ZÞ and
radius r in M2: Denote by %Bððv; ZÞ; rÞ the corresponding closed ball. For any integer
kX1 and eAð0; 1Þ; recall that jj  jjk;e is the Ck;e-norm on the space Ck;eð %Bð0; rÞ; M2Þ:
The following lemma will be needed for the construction of the stable/unstable
manifolds.
Lemma 3.2. Assume Hypotheses ðSMW Þk;d ðkX1; dAð0; 1Þ: Let Y be a stationary




jjX ðt2; Yðyðt1;oÞÞ þ ðÞ; yðt1;oÞÞjjk;e dPðoÞoN ð3:2Þ
for any fixed 0or; ToN and eAð0; dÞ:
Proof. We ﬁrst prove the estimate (3.2) for k ¼ 1; e ¼ 0: Let t1; t2A½0; T ;
ðv; ZÞA %Bð0; rÞ; oAO; and Y be a stationary point satisfying the hypotheses of the
lemma. In this proof, we will use Ki :¼ Kiðe; TÞ; i ¼ 1; 2; 3;y; to denote random
positive constants that have moments of all orders, for a sufﬁciently small positive e:
Unless stated otherwise, all the inequalities in this proof are presumed to hold for
sufficiently small eAð0; e0Þ: By inequality (2.21) of the proof of Lemma 2.1, we get
logþ sup
0pt1;t2pT
jjXðt2; Yðyðt1;oÞÞ þ ðv; ZÞ; yðt1;oÞÞjj
pK1ðoÞ 1þ logþ sup
0pt1pT
jjX ðt1; YðoÞ;oÞ þ ðv; ZÞjj
" #
pK2ðoÞ½1þ logþ jjY ðoÞ þ ðv; ZÞjj
pK3ðoÞ½1þ logþ jjY ðoÞjj þ logþ jjðv; ZÞjj: ð3:3Þ
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Now, from (2.25) of the proof of Lemma 2.1, we obtain
logþ jjD2X ðt2; Y ðyðt1;oÞÞ þ ðv; ZÞ; yðt1;oÞÞÞjjLðM2Þ
plogþ K4ðoÞ þ K5ðoÞ sup
0pt1pT
jjX ðt1; YðoÞ;oÞjje þ jvje
" #
plogþ K4ðoÞ þ K6ðoÞ½jjYðoÞjje þ jvje: ð3:4Þ
Take suprema over ðv; ZÞA %Bð0; rÞ in (3.3) and (3.4), use the integrability of jjYðÞjje0
and note the fact that K3; K4; K6 have moments of all orders. This immediately gives
(3.2) for k ¼ 1; e ¼ 0:
We next prove (3.2) for k41; e ¼ 0: To do this, deﬁne
yðt; ðv; ZÞ;oÞ :¼ cðt; ;oÞ1ðxðt; ðv; ZÞ;oÞÞ ¼ zðt; xðt; ðv; ZÞ;oÞ;oÞ
for tX0; ðv; ZÞAM2; oAO: Then take Fre´chet derivatives of order k with respect to
ðv; ZÞAM2 in the following relation
xðt; ðv; ZÞ; yðt1;oÞÞ ¼ cðt; ; yðt; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞ; tX0; ðv; ZÞAM2; oAO:
Using induction, the chain rule, and the cocycle property for c; this implies the
following:






jjDðmÞ2 cðt; yðt; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞjj
 jjDð j1Þ2 yðt; ðv; ZÞ; yðt1;oÞÞjj?  jjDð jmÞ2 yðt; ðv; ZÞ; yðt1;oÞÞjj
þ jjD2cðt; yðt; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞjj  jjDðkÞ2 yðt; ðv; ZÞ; yðt1;oÞÞjj
pK8ðoÞ½1þ jyðt; ðv; ZÞ; yðt1;oÞÞje max
1pjpk1
1pmpk
jjDð jÞ2 yðt; ðv; ZÞ; yðt1;oÞÞjjm
8<:





jjDð jÞ2 yðt; ðv; ZÞ; yðt1;oÞÞjjm
8<:
þ jjDðkÞ2 yðt; ðv; ZÞ; yðt1;oÞÞjj
9=; ð3:5Þ
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for tX0; ðv; ZÞAM2; oAO: Therefore,








for all ðv; ZÞAM2; oAO; t; t1A½0; T :
Our next task is to estimate the higher-order Fre´chet derivatives of
yðt; ðv; ZÞ; yðt1;oÞÞ appearing on the right-hand side of (3.6) in terms of
the corresponding derivatives of xðu; ðv; ZÞ; yðt1;oÞÞ and xuð; ðv; ZÞ; yðt1;oÞÞ for




2 ½D2c1ðvÞ :¼DðiÞ2 ½D2cðt; ; yðt1;oÞÞ1ðvÞ;
xðuÞ :¼ xðu; ðv; ZÞ; yðt1;oÞÞ;
xu :¼ xuð; ðv; ZÞ; yðt1;oÞÞ;
zðuÞ :¼ zðu; xðu; v; Z; yðt1;oÞÞ; yðt1;oÞÞ
for uX0; ðv; ZÞAM2; oAO: With the above notation, we claim that there are
(deterministic) polynomials Pl ; l ¼ 1; 2; 3; and ql ; l ¼ 1; 2; such that the terms in each
Pl consist of compositions of linear and multilinear maps, the terms in each ql are








P1ðDðiÞ2 ½D2c1ðzðuÞÞ; 0pipj; DðiÞ2 xðuÞ; 0pipj  1;
D
ðiÞ








P3ð½D2c1ðzðuÞÞ; D2HðxðuÞ; xuÞ; Dð jÞ2 xuÞ du; ð3:7Þ
for tX0; ðv; ZÞAM2; oAO; jX1: In the above relations, we further claim that the
polynomials P2; P3 are linear in the last variable (and do not depend explicitly on
xðuÞ and xu); aj ¼ p1 if j ¼ 1; where p1 : M2-Rd is the projection onto the ﬁrst
factor of M2 :¼ Rd  L2ð½r; 0;RdÞ; aj ¼ 0 if jX2; the differential operator q1 has
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order less than or equal to j; and the operator q2 has order one. To check (3.7), use
induction on jX1: First, we check it for j ¼ 1: Take Fre´chet derivatives of both sides
of the following random integral equation:
yðt; ðv; ZÞ; yðt1;oÞÞ ¼ v þ
Z t
0
½D2cðu; zðu; xðu; v; Z; yðt1;oÞÞ; yðt1oÞÞ; yðt1;oÞÞ1
 Hðxðu; ðv; ZÞ; yðt1;oÞÞ; xuð; ðv; ZÞ; yðt1;oÞÞÞ du;
tX0; ðv; ZÞAM2; oAO; and use the equality:
D2½c1ðu; ; yðt1;oÞÞðxðu; ðv; ZÞ; yðt1;oÞÞÞ ¼ ½D2cðu; zðuÞ; yðt1;oÞÞ1;
for uX0; ðv; ZÞAM2;oAO; (which follows from the chain rule). This gives












½D2c1ðzðuÞÞ  D2HðxðuÞ; xuÞ  D2xu du
for tX0; ðv; ZÞAM2; oAO: The above equation clearly satisﬁes the general form
given in (3.7) when j ¼ 1: To complete the proof, assume (3.7) holds for some jX1:
Then differentiating (3.7)—using the chain and product rules—easily gives a
corresponding equation for D
ð jþ1Þ
2 yðt; ðv; ZÞ; yðt1;oÞÞ with new choices of P1; q1;
having the same properties as the old ones. Details are left to the reader. This proves
our claim (3.7).
Now take operator norms on both sides of (3.7). This gives a positive
(deterministic) constant K11 and non-negative ﬁxed integers nl ; l ¼ 1;y; 5; such that



















½jjDðiÞ2 ½D2c1ðzðuÞÞjjn531  ðjjDð jÞ2 xðuÞjj þ jjDð jÞ2 xujjÞ du
ð3:70Þ
for j ¼ 2;y; k; t; t1X0; ðv; ZÞAM2; oAO:
ARTICLE IN PRESS
S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 206 (2004) 253–306272
We next establish the estimate
jjDðiÞ2 ½D2cðt; ; yðt1;oÞÞ1ðvÞjjpK12ðoÞ½1þ jvje ð3:8Þ
for all t; t1A½0; T ; oAO; vARd ; 1pipk: To prove (3.8), ﬁrst note the following
identity which is a consequence of the cocycle property for c and the chain rule:
½D2cðt; v; yðt1;oÞÞ1 ¼ D2cðt1;cðt1; ;oÞ1ðvÞ;oÞ3½D2cðt þ t1;cðt1; ;oÞ1ðvÞ;oÞ1
for t; t1X0; vARd ; oAO: Taking Fre´chet derivatives with respect to v in the above
identity, and making use of the relation




2 ½D2cðt; ; yðt1;oÞÞ1ðvÞ
¼ P4 Dð jÞ2 cðt1;cðt1; ;oÞ1ðvÞ;oÞ; 1pjpi; Dð jÞ2 cðt þ t1;cðt1; ;oÞ1ðvÞ;oÞ;

1pjpi; ½D2cðt1;cðt1; ;oÞ1ðvÞ;oÞ1; ½D2cðt þ t1;cðt1; ;oÞ1ðvÞ;oÞ1

for t; t1X0; vARd ; oAO; 1pipk; where P4 is a ﬁxed polynomial depending on i:
Now (3.8) follows by taking norms in the above identity and using estimates (3.9k)–
(3.12) in the proof of Lemma 2.1.








jjDðiÞ2 xtð; ðv; ZÞ; yðt1;oÞÞjjpK15ðoÞ½1þ jvje expfK16ðoÞ½1þ jvjeg
9>>=>>; ð3:9
kÞ
for ðv; ZÞAM2; oAO; kX2:
From (3.25) of the proof of Lemma 2.1, it is easy to see that (3.9k) holds for k ¼ 2:




jjDð jÞ2 yðt; ðv; ZÞ; yðt1;oÞÞjjpK17ðoÞ½1þ jvje expfK18ðoÞ½1þ jvjeg: ð3:10Þ
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Substituting from (3.10) and (3.70) into (3.6), we get




fjjDðkÞ2 xðu; ðv; ZÞ; yðt1;oÞÞjj
þ jjDðkÞ2 xuð; ðv; ZÞ; yðt1;oÞÞjjÞg du: ð3:11Þ
To complete the induction proof of (3.9k), we will relate D
ðkÞ
2 xðt; ðv; ZÞ; yðt1;oÞÞ and
D
ðkÞ
2 xtð; ðv; ZÞ; yðt1;oÞÞ: It is easy to see that
D2xtð; ðv; ZÞ;oÞ ¼ D2xðt þ ðÞ; ðv; ZÞ;oÞ ð3:12Þ
for all tX0; ðv; ZÞAM2; oAO: By repeated Fre´chet differentiations, we see that
D
ðkÞ
2 xtð; ðv; ZÞ; ;oÞ ¼ DðkÞ2 xðt þ ðÞ; ðv; ZÞ;oÞ ð3:13Þ
for all tX0; ðv; ZÞAM2; oAO: This means that
D
ðkÞ
2 xtð; ðv; ZÞ; ;oÞððv1; Z1Þ;y; ðvk; ZkÞÞðsÞ
¼ DðkÞ2 xðt þ s; ðv; ZÞ;oÞððv1; Z1Þ;y; ðvk; ZkÞÞ ð3:14Þ
for all tX0; ðv; ZÞAM2; oAO; ðvi; ZiÞAM2; 1pipk; and almost every sA½r; 0: The
above relation easily implies that






jjDðkÞ2 xðs; ðv; ZÞ;oÞjj ð3:15Þ
for all tA½0; T ; ðv; ZÞAM2; oAO (cf. (2.23) in the proof of Lemma (2.1)). The norms
in the left-hand and right-hand-sides of (3.15) correspond to the spaces of k-
multilinear maps LkðM2; M2Þ and LkðM2;RdÞ; respectively. From (3.15), (3.11) and
Gronwall’s lemma, we obtain
sup
1pt;t1pT
jjDðkÞ2 xðt; ðv; ZÞ; yðt1;oÞÞjjpK22ðoÞ½1þ jvje expfK23ðoÞ½1þ jvjeg: ð3:16Þ
Combining (3.15) and (3.16) gives
jjDðkÞ2 Xðt; ðv; ZÞ; yðt1;oÞÞjjpK24ðoÞ½1þ jvje expfK25ðoÞ½1þ jvjeg ð3:17Þ
for all t; t1A½0; T ; ðv; ZÞAM2; oAO: Therefore ð3:9kþ1Þ holds. This completes the
proof of (3.9k).
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jjX ðt2; Yðyðt1;oÞÞ þ ðÞ; yðt1;oÞÞjjk
plogþ K26ðoÞ þ K27ðoÞ þ K28ðoÞ logþ jjY ðoÞjj þ K29ðoÞjjY ðoÞjje: ð3:18Þ
From the remark following the proof of Theorem 4.1 [M-S.3], the function on the
left-hand side of the above inequality is F-measurable in o: By hypotheses, the
right-hand-side of (3.18) belongs to L1ðO;RÞ for 0oepe0: Hence the lemma holds
for kX1; e ¼ 0:
To treat the case kX1; eAð0; dÞ; let ðvi; ZiÞA %Bð0; rÞ; i ¼ 1; 2; be such that
ðv1; Z1Þaðv2; Z2Þ: Using (3.7), the Ho¨lder properties of c; x; y and Hypotheses
ðSMWÞk;d; we obtain









½jjDðkÞ2 xðu; ðv1; Z1Þ; yðt1;oÞÞ  DðkÞ2 xðu; ðv2; Z2Þ; yðt2;oÞÞjj
þ jjDðkÞ2 xuð; ðv1; Z1Þ; yðt1;oÞÞ  DðkÞ2 xuð; ðv2; Z2Þ; yðt2;oÞÞjj du ð3:19Þ
for t; t1X0; oAO; where m is some positive integer. Therefore, choosing a sufﬁciently
small eAð0; dÞ; dividing both sides of (3.19) by jjðv1; Z1Þ  ðv2; Z2Þjje and taking
supremum over all ðvi; ZiÞA %Bð0; rÞ; ðv1; Z1Þaðv2; Z2Þ; we obtain




½jjDðkÞ2 xðu; ; yðt1;oÞÞjje þ jjDðkÞ2 xuð; ; yðt1;oÞÞjje du ð3:20Þ
for t; t1X0; oAO: Taking kth order Fre´chet derivatives in the identity
xðt; ðv; ZÞ; yðt1;oÞÞ ¼ cðt; ; yðt; ðv; ZÞ; yðt1;oÞÞ; yðt1;oÞÞ; t; t1X0; ðv; ZÞAM2; oAO;
and using the inequality (3.20), we get




½jjDðkÞ2 xðu; ; yðt1;oÞÞjje þ jjDðkÞ2 xuð; ; yðt1;oÞÞjje du;
ð3:21Þ
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jjDðkÞ2 X ðt; ; yðt1;oÞÞjjepK36ðoÞeK37ðoÞ; oAO:
This completes the proof of the lemma. &
4. The local stable manifold theorem
In this section, we present a local stable manifold theorem for the sfde (I)
(Theorem 4.1 below). This theorem characterizes the local stability/unstability of the
stochastic semiﬂow X of (I) in the neighborhood of a hyperbolic stationary point
YðoÞAM2; oAO:
Theorem 4.1 (The local stable manifold theorem). Assume Hypotheses ðSMW Þk;d
(kX1; dAð0; 1Þ: Let Y be a hyperbolic stationary point of the sfde (I) such that
EðjjY ðÞjje0ÞoN for some e040:
Suppose the linearized cocycle ðD2X ðt; Y ðoÞ;oÞ; yðt;oÞ; tX0Þ of (I) has a
Lyapunov spectrum f?oliþ1olio?ol2ol1g: Define li0 :¼ maxfli : lio0g if at
least one lio0: If all finite li are positive, set li0 ¼ N: (This implies that li01 is the
smallest positive Lyapunov exponent of the linearized semiflow, if at least one li40; in
case all li are negative, set li01 ¼N:)
Fix e1Að0;li0Þ and e2Að0; li01Þ: Then there exist
(i) a sure event OAF with yðt; ÞðOÞ ¼ O for all tAR;
(ii) %F-measurable random variables ri; bi : O
-ð0; 1Þ; bi4ri40; i ¼ 1; 2; such that
for each oAO; the following is true:
There are Ck;e ðeAð0; dÞÞ submanifolds eSðoÞ; eUðoÞ of %BðYðoÞ; r1ðoÞÞ and
%BðY ðoÞ; r2ðoÞÞ (resp.) with the following properties:
(a) For li04N; eSðoÞ is the set of all ðv; ZÞA %BðY ðoÞ; r1ðoÞÞ such
that
jjX ðnr; ðv; ZÞ;oÞ  Y ðyðnr;oÞÞjjpb1ðoÞ eðli0þe1Þnr
for all integers nX0: If li0 ¼ N; then eSðoÞ is the set of all
ðv; ZÞA %BðYðoÞ; r1ðoÞÞ such that
jjXðnr; ðv; ZÞ;oÞ  Y ðyðnr;oÞÞjjpb1ðoÞ elnr





log jjX ðt; ðv; ZÞ;oÞ  Y ðyðt;oÞÞjjpli0 ð4:1Þ
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for all ðv; ZÞA eSðoÞ: Each stable subspace SðoÞ of the linearized semiflow D2X
is tangent at YðoÞ to the submanifold eSðoÞ; viz. TY ðoÞ eSðoÞ ¼ SðoÞ: In





jjXðt; ðv1; Z1Þ;oÞ  X ðt; ðv2; Z2Þ;oÞjj
jjðv1; Z1Þ  ðv2; Z2Þjj
: ðv1; Z1Þaðv2; Z2Þ;

ðv1; Z1Þ; ðv2; Z2ÞA eSðoÞpli0 :
(c) (Cocycle-invariance of the stable manifolds):
There exists t1ðoÞX0 such that
X ðt; ;oÞð eSðoÞÞD eSðyðt;oÞÞ ð4:2Þ
for all tXt1ðoÞ: Also
D2Xðt; YðoÞ;oÞðSðoÞÞDSðyðt;oÞÞ; tX0: ð4:3Þ
(d) For li01oN; eUðoÞ is the set of all ðv; ZÞA %BðY ðoÞ; r2ðoÞÞ with the property
that there is a discrete-time ‘‘history’’ process yð;oÞ : fnr : nX0g-M2
such that yð0;oÞ ¼ ðv; ZÞ and for each integer nX1; one has
X ðr; yðnr;oÞ; yðnr;oÞÞ ¼ yððn  1Þr;oÞ and
jjyðnr;oÞ  Y ðyðnr;oÞÞjjM2pb2ðoÞeðli01e2Þnr:
If li01 ¼N; eUðoÞ is the set of all ðv; ZÞA %BðYðoÞ; r2ðoÞÞ with the property that
there is a discrete-time ‘‘history’’ process yð;oÞ : fnr : nX0g-M2 such that
yð0;oÞ ¼ ðv; ZÞ and for each integer nX1;
jjyðnr;oÞ  Yðyðnr;oÞÞjjM2pb2ðoÞelnr;
for any lAð0;NÞ: Furthermore, for each ðv; ZÞAeUðoÞ; there is a unique
continuous-time ‘‘history’’ process also denoted by yð;oÞ : ðN; 0-M2 such






log jjyðt;oÞ  Yðyðt;oÞÞjjp li01:
Each unstable subspaceUðoÞ of the linearized semiflow D2X is tangent at YðoÞ toeUðoÞ; viz. TY ðoÞ eUðoÞ ¼ UðoÞ: In particular, dim eUðoÞ is finite and non-random.
(e) Let yð; ðvi; ZiÞ;oÞ; i ¼ 1; 2; be the history processes associated with ðvi; ZiÞ ¼






jjyðt; ðv1; Z1Þ;oÞ  yðt; ðv2; Z2Þ;oÞjj
jjðv1; Z1Þ  ðv2; Z2Þjj
:

ðv1; Z1Þaðv2; Z2Þ; ðvi; ZiÞAeUðoÞ; i ¼ 1; 2p li01:
ARTICLE IN PRESS
S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 206 (2004) 253–306 277
(f) (Cocycle-invariance of the unstable manifolds):
There exists t2ðoÞX0 such thateUðoÞDX ðt; ; yðt;oÞÞðeUðyðt;oÞÞÞ
for all tXt2ðoÞ: Also
D2Xðt; ; yðt;oÞÞðUðyðt;oÞÞÞ ¼ UðoÞ; tX0; ð4:4Þ
and the restriction
D2Xðt; ; yðt;oÞÞjUðyðt;oÞÞ : Uðyðt;oÞÞ-UðoÞ
is a linear homeomorphism onto, for each tX0:
(g) The submanifolds eUðoÞ and eSðoÞ are transversal, viz.
M2 ¼ TYðoÞ eUðoÞ"TYðoÞ eSðoÞ:
Assume, in addition, that Hypotheses ðSMW Þk;d are satisfied for every kX1 and
dAð0; 1: Then the local stable and unstable manifolds eSðoÞ; eUðoÞ are CN:
Remarks.
(i) In the non-delay case r ¼ 0; the conclusions of Theorem 4.1 give the stable
manifold theorem for sde’s when X is replaced by the stochastic ﬂow f :
Rþ  Rd  O-Rd associated with the sode
dfðtÞ ¼ hðfðtÞÞ dW ðtÞ; t40;
xð0Þ ¼ vARd ;

ðIIIÞ
where h is Ck;db for all kX1 and d40 ([M-S.4]). The history process y
corresponds to a trajectory of the sode using Kunita’s backward stochastic
integral. Note, however, that the integrability condition on Y in Theorem 4.1 is
stronger than the corresponding one in Theorem 3.1 of [M-S.4]. Cf. [O], [C],
[Ru.1].
(ii) It is not clear if the conclusions of Theorem 4.1 above are still valid ( for r40)
when logþ jjY ðÞjj is integrable.
(iii) In view of Section 5(iii) in [M-S.3], one can impose sufﬁcient regularity
hypotheses on the coefﬁcients of the sfde
dxðtÞ ¼ Hðt; xðt  dmÞ;y; xðt  d1Þ; xðtÞ; xtÞmðdtÞ þ Gðdt; xðtÞ; gðxtÞÞ; tXt0X0;
xðt0Þ ¼ vARd ; xt0 ¼ ZAL2ð½r; 0;RdÞ
to establish the existence of local stable and unstable manifolds satisfying the
conclusion of Theorem 4.1. However the local stable manifolds are only of class
C1;e ðeAð0; 1ÞÞ even if H; G; g are CNb :
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The following ﬁgure summarizes the essential features of Theorem 4.1.
As an important ﬁrst step in the proof of the stable manifold theorem, we will
establish a discrete-time version of the theorem, viz. Proposition 4.1 below. This is an
immediate consequence of Ruelle’s theorems 5.1, 6.1 [Ru.2]. The rest of the proof in
continuous time will be given in the next section. This is done via perfection
techniques and interpolation between delay periods.
Proposition 4.1. Assume the hypotheses and notations of Theorem 4.1. Then all the
assertions of Theorem 4.1, with the exception of the invariance (4.2) and the
corresponding invariance for the unstable manifold in ð f Þ; are valid when t is replaced
by nr for any positive integer n:
Proof. All real-valued random variables in this proof will be taken to be %F-measurable.
Consider the cocycle ðZ; yÞ deﬁned by (3.1) in Section 3. Deﬁne the family of maps
Fo : %Bð0; 1Þ-M2; oAO; by Foððv; ZÞÞ :¼ Zðr; ðv; ZÞ;oÞ; and let t :¼ yðr; Þ : O-O:
Following Ruelle ([Ru.2], p. 272), deﬁne Fno :¼ Ftn1ðoÞ3?3FtðoÞ3Fo: Then by the
cocycle property for Z; we get Fno ¼ Zðnr; ;oÞ for each nX1: Clearly, each Fo is Ck;e
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(eAð0; dÞ) on %Bð0; 1Þ and ðDFoÞð0Þ ¼ D2X ðr; Y ðoÞ;oÞ: From Theorem 4.1(iv) in
[M-S.3] and the measurability of Y ; it follows that the map o/ðDFoÞð0Þ
is ðF;BsðLðM2ÞÞÞ-measurable. By (2.5) of Lemma 2.1, it is clear that
logþ jjD2X ðr; Y ðÞ; ÞjjLðM2Þ is integrable. Furthermore, the discrete-time cocycle
ððDFnoÞð0Þ; yðnr;oÞÞ has a Lyapunov spectrum which coincides with that of the
linearized continuous-time cocycle ðD2X ðt; Y ðoÞ;oÞ; yðt;oÞÞ; viz. fNo?o
liþ1olio?ol2ol1g: We now apply Theorem 5.1 of Ruelle ([Ru.2], p. 272) under
his hypotheses (I). This gives a sure event O1AF such that yðn; ÞðO1Þ ¼ O1 for all
nAZ; %F-measurable positive random variables r1;b1 : O

1-ð0; 1Þ; and a random
family of Ck;e stable submanifolds eSdðoÞ of %Bð0; r1ðoÞÞ satisfying the following
properties for each oAO1:eSdðoÞ ¼ fðv; ZÞA %Bð0; r1ðoÞÞ : jjZðnr; ðv; ZÞ;oÞjjM2pb1ðoÞeðli0þe1Þnr
for all integers nX0g ð4:5Þ
in case li0AðN; 0Þ: If li0 ¼ N; the second assertion in (a) holds. Each eSdðoÞ is
tangent at 0 to the stable subspaceSðoÞ of the linearized ﬂow D2X ; viz. T0 eSdðoÞ ¼
SðoÞ: In particular, codim eSdðoÞ is ﬁnite and non-random. Furthermore,








jjZðnr; ðv1; Z1Þ;oÞ  Zðnr; ðv2; Z2Þ;oÞjj
jjðv1; Z1Þ  ðv2; Z2Þjj
2664
3775pli0 : ð4:6Þ
Consider the set eSðoÞ;oAO1; deﬁned in part (a) of the theorem. Using (4.5) and
the deﬁnition of Z; it follows immediately that
eSðoÞ ¼ eSdðoÞ þ Y ðoÞ ð4:7Þ
for all oAO1: Hence eSðoÞ is a Ck;e manifold ðk41; eAð0; dÞÞ: Furthermore,
TY ðoÞ eSðoÞ ¼ T0 eSdðoÞ ¼ SðoÞ: In particular, codim eSðoÞ ¼ codim SðoÞ is ﬁnite
and non-random. From (4.6) and (4.7), assertion (b) of Theorem 4.1 holds for t ¼ nr:






log jjZðnr; ðv; ZÞ;oÞjjpli0 ð4:8Þ
for all oAO1 and all ðv; ZÞA eSdðoÞ:
To prove the cocycle-invariance (c), apply the Oseledec theorem to the linearized
discrete cocycle ðD2Xðnr; YðoÞ;oÞ; yðnr;oÞÞ ([Mo.2], Theorem 4, Corollary 2).
Hence there is a sure yðnr; Þ-invariant event, also denoted by O1AF; such that
D2Xðnr; Y ðoÞ;oÞðSðoÞÞDSðyðnr;oÞÞ for all integers nX0 and all oAO1:
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We now show the existence of the local unstable manifolds in (d) of Theorem 4.1
in discrete time t ¼ nr: Deﬁne the random ﬁeld bZðnr; ðv; ZÞ;oÞAM2; nAZþ;
ðv; ZÞAM2; by
bZðnr; ðv; ZÞ;oÞ :¼ Xðnr; ðv; ZÞ þ Y ðyðnr;oÞÞ; yðnr;oÞÞ  YðoÞ ð4:9Þ
for all integers nX0; ðv; ZÞAM2 and oAO: Note that bZðnr; ;oÞ ¼ Zðnr; ; yðnr;oÞÞ
for all integers nX0 and oAO; and each bZðnr; ; Þ is ðBðM2Þ#F;BðM2ÞÞ-
measurable, by the remark following the proof of Theorem 4.1 [M-S.3]. From (2.4)
(Section 2) (with s ¼ t ¼ nr), it follows immediately that bZðnr; 0;oÞ ¼ 0 for all
integers nX0 and oAO: We claim that ð½D2 bZðnr; 0;oÞ; yðnr;oÞ; nX0Þ is a
discrete-time linear cocycle (in LðM2Þ). To see this we argue as follows. Consider the
following identity in LðM2Þ:
D2Xððn þ mÞr; Y ðoÞ;oÞ ¼ D2Xðnr; Yðyðmr;oÞÞ; yðmr;oÞÞ3D2Xðmr; Y ðoÞ;oÞ
for all oAO and all integers n; mX0: Taking adjoints in the above identity and
replacing o by yðnr  mr;oÞ gives
½D2X ðnr þ mr; Yðyðnr  mr;oÞÞ; yðnr  mr;oÞÞ
¼ ½D2Xðmr; Y ðyðnr  mr;oÞÞ; yðnr  mr;oÞÞ
3½D2Xðnr; Yðyðnr;oÞÞ; yðnr;oÞ
for all oAO and all integers n; mX0: Hence
½D2 bZðnr þ mr; 0;oÞ ¼ ½D2 bZðmr; 0; yðnr;oÞÞ3½D2 bZðnr; 0;oÞ
for all oAO and all integers n; mX0: This proves that ð½D2 bZðnr; 0;oÞ;
yðnr;oÞ; nX0Þ is a cocycle in LðM2Þ; as claimed.
Observe that the cocycles ðD2Xðnr; YðoÞ;oÞ; yðnr;oÞ; nX0Þ and ð½D2 bZðnr; 0;oÞ;
yðnr;oÞ; nX0Þ have the same (discrete) ﬁxed Lyapunov spectrum
f?liþ1olio?ol2ol1g with multiplicities. This is because of the integrability
property:Z
O








logþ jjD2Xðmr; Y ðoÞ;oÞjjLðM2Þ dPðoÞoN; m; nX0;
(cf. (2.5) of Lemma 2.1)) and the argument in [Ru.2], Section 3.5, p. 261. Note that
lia0 for all iX1; by hyperbolicity.
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To construct the local unstable manifolds eUðoÞ; we will invoke Ruelle’s discrete
Theorem 6.1, ([Ru.2], p. 280) and its proof. Deﬁne the random family of
smooth maps eFo : ðM2; 0Þ-ðM2; 0Þ;oAO; by eFoððv; ZÞÞ :¼ bZðr; ðv; ZÞ;oÞ for all
ðv; ZÞAM2: Then eFoð0Þ ¼ 0; and D eFoð0Þ ¼ D2X ðr; Y ðyðr;oÞÞ; yðr;oÞÞ for all
oAO: Furthermore, from the above estimates, it follows that the map
o/logþ jj½D eFoð0Þjj ¼ logþ jj½DeFoð0Þjj is in L1ðO;R;FÞ: Indeed, by the
P-preserving property of yðnr; Þ; nAZ; and Lemma 3.2, it follows thatZ
O
logþ jj bZðmr; ; yðnr;oÞÞjjk;e dPðoÞoN:
Deﬁne i0 as before, so that li01 is the smallest positive Lyapunov exponent of the
linearized cocycle. Fix 0oe2oli01: In view of the above integrability property, it
follows that the sequence eTnðoÞ :¼ ½D2 bZðr; 0; yðnr;oÞÞ; yðnr;oÞ; nX0; satisﬁes
Condition (S) of [Ru.2]. Therefore Proposition 3.3 in [Ru.2] implies that the sequenceeTnðoÞ; nX1; satisﬁes Corollary 3.4 ([Ru.2], p. 260) for a.a. o: This yields a yðnr; Þ-
invariant sure event bO1AF and %F-measurable random variables r2; b2 : bO1-ð0; 1Þ
with the following properties. Let eUdðoÞ be the set of all ðv0; Z0ÞA %Bð0; r2ðoÞÞ with
the property that there is a discrete ‘‘history’’ process uðnr; Þ : O-M2; nX0;
such that uð0;oÞ ¼ ðv0; Z0Þ; bZðr; uððn þ 1Þr;oÞ; yðnr;oÞÞ ¼ uðnr;oÞ and
jjuðnr;oÞjjpb2ðoÞenrðli01e2Þ for all nX0: For li01 ¼N; let eUdðoÞ be the set
of all ðv0; Z0ÞA %Bð0; r2ðoÞÞ such that there is a history process uðnr; Þ; nX0; with
uð0;oÞ ¼ ðv0; Z0Þ and jjuðnr;oÞjjpb2ðoÞelnr for all nX0 and any l40: The
history process uðnr; Þ is uniquely determined by ðv0; Z0Þ ([Ru.2], p. 281).
Furthermore, for every oAbO1; eUdðoÞ is a Ck;e (eAð0; dÞ) ﬁnite-dimensional
submanifold of %Bð0; r2ðoÞÞ with tangent space UðoÞ at 0: Also dim eUdðoÞ is ﬁxed
independently of o and e2:
We claim that the set eUðoÞ deﬁned in (d) of Theorem 4.1 coincides with eUdðoÞ þ
YðoÞ for each oAbO1: We ﬁrst show that eUdðoÞ þ YðoÞDeUðoÞ: Let ðv0; Z0ÞAeUdðoÞ
and u be as above. Set
y0ðnrÞ :¼ uðnrÞ þ Y ðyðnr;oÞÞ; nX0: ð4:10Þ
It is easy to check that y0 is a discrete history process satisfying the ﬁrst and second
assertions in (d) of the proposition. Hence ðv0; Z0Þ þ Y ðoÞAeUðoÞ: Similarly,eUðoÞDeUdðoÞ þ YðoÞ for all oAbO1: Hence eUðoÞ ¼ eUdðoÞ þ Y ðoÞ for all oAbO1:
This immediately implies that eUðoÞ is a Ck;e ðeAð0; dÞÞ ﬁnite-dimensional submani-
fold of %BðYðoÞ; r2ðoÞÞ and
TYðoÞ eUðoÞ ¼ T0 eUdðoÞ ¼ UðoÞ
for all oAbO1:
ARTICLE IN PRESS
S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 206 (2004) 253–306282
Assertion (e) of Theorem 4.1 in discrete time t ¼ nr follows from ([Ru.2],
Theorem 6.1).
For t ¼ nr assertion (4.4) in Theorem 4.1( f ) follows from the Oseledec theorem and
the cocycle property for the linearized semiﬂow; cf. [Mo.2], Corollary 2(v) of Theorem 4.
The transversality assertion in (g) of Theorem 4.1 is implied by the relations
TYðoÞ eUðoÞ ¼ UðoÞ; TY ðoÞ eSðoÞ ¼ SðoÞ; M2 ¼ UðoÞ"SðoÞ
which hold for a.a. o:
Taking O :¼ O1-bO1; completes the proof of assertions (a)–(g) of Theorem 4.1 for
discrete time t ¼ nr; with the exception of invariance (4.2) and the corresponding
invariance for the unstable manifold in ( f ).
Suppose Hypothesis ðSMWÞk;d holds for every kX1 and dAð0; 1: Then a simple
adaptation of the argument in [Ru.2], Section (5.3) (p. 297) gives a yðnr; Þ-invariant
sure event in F; also denoted by O; such that eSðoÞ; eUðoÞ are CN for all oAO:
The proof of Proposition 4.1 is now complete. &
5. Proof of the local stable manifold theorem
We devote this section to the proof of Theorem 4.1 in continuous time. A large
part of the computations are directed toward perfection arguments, whereby we
show that the local stable/unstable manifolds are parametrized by sure events which
are invariant under the continuous-time shift yðt; Þ : O-O: The integrability
properties of the cocycle ðX ; yÞ (Lemma 3.2) play a crucial role in controlling the
excursions of the cocycle within delay periods.
Our ﬁrst lemma gives ‘‘perfect versions’’ of the ergodic theorem and Kingman’s
subadditive ergodic theorem. These results are needed in order to construct the shift-
invariant sure events appearing in the statement of the local stable manifold theorem
(Theorem 4.1). The reader may note that Lemmas 5.1–5.3 hold if yðt; Þ is any group
of measure-preserving ergodic transformations on a probability space ðO;F; PÞ;
satisfying appropriate measurability properties.
Lemma 5.1.
(i) Let O0A %F be a sure event such that yðt; ÞðO0ÞDO0 for all tX0: Then there is a
sure event O0AF such that O

0DO0 and yðt; ÞðO0Þ ¼ O0 for all tAR:
(ii) Let h : O-Rþ be any function such that there exists an %F-measurable function
g1AL1ðO;Rþ; PÞ and a sure event O1A %F such that sup0pup1 hðyðu;oÞÞpg1ðoÞ
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(iii) Suppose f : Rþ  O-R,fNg is a process such that for each tARþ; f ðt; Þ is
ð %F;BðR,fNgÞÞ-measurable and the following conditions hold:
(a) There is an %F-measurable function g2AL1ðO;Rþ; PÞ and a sure event eO1A %F
such that
sup0pup1 f




(b) f ðt1 þ t2;oÞpf ðt1;oÞ þ f ðt2; yðt1;oÞÞ for all t1; t2X0 and all oAO:
Then there is a sure event O2AF such that yðt; ÞðO2Þ ¼ O2 for all tAR; and a





f ðt;oÞ ¼ f 
for all oAO2:
Proof. The proof of assertion (i) of the lemma is given in Proposition 2.3 ([M-S.4]).
Assertions (ii) and (iii) of the lemma follow from assertion (i) and easy adaptations
of the arguments in the proofs of Lemmas 5 and 7 in [Mo.2]. See also Lemma 3.3 in
[M-S.4]. &
The following lemma will be needed in order to construct the shift-invariant sure
events appearing in the statement of the local stable manifold theorem. The lemma
essentially gives a continuous-time ‘‘perfect version’’ of Corollary A.2 of [Ru.2],
p. 288.
Lemma 5.2. Suppose f : Rþ  O-R,fNg is a ðBðRþÞ#F;BðR,fNgÞÞ-







(b) f ðt1 þ t2;oÞpf ðt1;oÞ þ f ðt2; yðt1;oÞÞ for all t1; t2X0 and all oAO:
Then there exists f AR,fNg and a sure event O3AF such that yðt; ÞðO3Þ ¼ O3




f ðt;oÞ ¼ f  for all oAO3:
(2) If gAR is a finite number such that f pg; then for every e40; there exists an
%F-measurable function Ke : O3-½0;NÞ with the property that
f ðt  s; yðs;oÞÞpðt  sÞg þ et þ KeðoÞ
for all oAO3 and whenever 0psptoN: Furthermore, Ke may be chosen such
that Keðyðl;oÞÞpKeðoÞ þ el for all lA½0;NÞ and all oAO3:
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Proof. By Lemma 5.1(iii), there exists f AR,fNg and a sure event O2AF
such that yðt; ÞðO2Þ ¼ O2 for all tAR and (1) holds for all oAO2: By hypotheses
(a) and Lemma 5.1(i), there is a sure event O0DO2 such that O0AF; yðt; ÞðO0Þ ¼ O0
for all tAR; and sup0pt1;t2pT f
þðt1; yðt2;oÞÞoN for all TX0 and all oAO0:
Suppose g is a ﬁnite real number such that f pg: Deﬁne the process
g : Rþ  O-Rþ by
gðt;oÞ :¼ maxf f ðt;oÞ  tg
; 0g; tX0; oAO0;
0 tX0; oeO0:

It is easy to check that g is non-negative, ðBðRþÞ#F;BðRþÞÞ-measurable and
satisﬁes conditions (a) and (b).
Deﬁne the process g0 : Rþ  O-Rþ by
g0ðt;oÞ :¼ sup
0pspt
½gðs;oÞ þ gðt  s; yðs;oÞÞ; tX0; oAO:
Using the fact that the projection of a BðRþÞ#F-measurable set is %F-measurable
([Co], p. 281), it follows that g0 satisﬁes the hypotheses of Lemma 5.1(iii). Therefore,




g0ðt;oÞ ¼ g0 for all oAO4:







gðt  s; yðs;oÞÞ ¼ 0 ðÞ
in probability. This claim easily implies g0 ¼ 0: Hence there is a sure event O5AF
such that O5DO0-O4; yðt; ÞðO5Þ ¼ O5 for all tAR and ðÞ holds for all oAO5: The
proof of assertion (2) is completed by setting
KeðoÞ :¼ sup
0psptoN
½gðt  s; yðs;oÞÞ  et
for all oAO5 and a ﬁxed e40: It is easy to see from the above deﬁnition that
Ke : O5-½0;NÞ is ð %F;BðRþÞÞ-measurable and Keðyðl;oÞÞpKeðoÞ þ el for all
lA½0;NÞ and all oAO5:
It remains to establish our claim ðÞ: The process h : Rþ  O-R
hðt;oÞ :¼ gðt; yðt;oÞÞ; tARþ; oAO
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for almost all oAO4 and hence in probability. Fix d40 and t040 such that
Pð1
t























gðt  s; yðs;oÞÞ:
The ﬁrst term in the right hand side of the last inequality is less than or equal to d
with probability at least 1 d: The second term converges to 0 in probability by
assumption (a). Hence ðÞ holds and the proof of the lemma is complete. &
For convenience, we shall frequently adopt the following convention:
Deﬁnition 5.1. Let fPðoÞ :oAOg be a family of propositions. We say that PðoÞ
holds perfectly in o if there is a sure event OAF such that yðt; ÞðOÞ ¼ O for all
tAR and PðoÞ is true for every oAO:
Our next result is basically a ‘‘perfect version’’ of Proposition 3.2 in [Ru.2], p. 257.
The proof uses Lemma 5.2. We denote by BsðLðHÞÞ the Borel s-algebra on LðHÞ
generated by the strong topology on LðHÞ; viz. the smallest topology on LðHÞ for
which all evaluations LðHÞ{A/AðzÞAH; zAH; are continuous.
Lemma 5.3. Let H be a real separable Hilbert space, yðt; Þ : O-O be an ergodic
measure-preserving group of transformations on the probability space ðO;F; PÞ:
Suppose ðTtðoÞ; yðt;oÞÞ; tX0; is a perfect cocycle of bounded linear operators in H
satisfying the following hypotheses:
(i) The process Rþ  O{ðt;oÞ/TtðoÞALðHÞ is ðBðRþÞ#F;BsðLðHÞÞÞ-measur-
able.
(ii) The map Rþ  O{ðt;oÞ/yðt;oÞAO is ðBðRþÞ#F;FÞ-measurable.
(iii) E sup0pt1;t2pa log
þ jjTt2ðyðt1; ÞÞjjLðHÞoN for any finite a40:
(iv) There is a fixed t040 such that for each tXt0; TtðoÞ is compact, perfectly in o:
(v) For any uAH; the map ½0;NÞ{t/TtðoÞðuÞAH is continuous, perfectly in o:
Let f?oliþ1olio?ol2ol1g be the Lyapunov spectrum of ðTtðoÞ; yðt;oÞÞ;
with Oseledec spaces
?Eiþ1ðoÞCEiðoÞC?CE2ðoÞCE1ðoÞ ¼ H:
Let j0X1 be any fixed integer with lj04N: Let the integer function r :
f1; 2;y; Qg-f1; 2;y; j0g ‘‘count’’ the multiplicities of the Lyapunov exponents in
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the sense that rð1Þ ¼ 1; rðQÞ ¼ j0; and for each 1pipj0; the number of integers in
r1ðiÞ is the multiplicity of li: Set VnðoÞ :¼ Ej0þ1ðyðnt0;oÞÞ; nX0:
Then the sequence TnðoÞ :¼ Tt0ðyððn  1Þt0;oÞÞ; nX1; satisfies Condition (S) of
[Ru.2] perfectly in o with Q ¼ codim Ej0þ1ðoÞ: In particular, there is an F-measurable
set of Q orthonormal vectors fxð1Þ0 ðoÞ;y; xðQÞ0 ðoÞg such that xðkÞ0 ðoÞA½ErðkÞðoÞ\
ErðkÞþ1ðoÞ for k ¼ 1;y; Q; perfectly in o; and satisfying the following properties:
Set xðkÞt ðoÞ :¼
TtðoÞðxðkÞ0 ðoÞÞ
jjTtðoÞðxðkÞ0 ðoÞÞjj






t ðoÞxðkÞt ðoÞ þ uðQþ1Þt ðoÞ; uðQþ1Þt ðoÞAV0ðyðt;oÞÞ; oAO:
Then for any e40; there is an %F-measurable random constant DeðoÞ40 such that the




for all tX0; 1pkpQ and for all lA½0;NÞ:
Furthermore, all the random constants in Ruelle’s condition (S) may be chosen to be
%F-measurable in o:
Proof. We will follow the proof of Proposition 3.2 in [Ru.2], ensuring that the
relevant parts of the argument hold perfectly in o:
For simplicity of notation, we will assume (with no loss of generality) that t0 ¼ 1:
First note that in view of (iii), the perfect cocycle property, Lemma 5.1 and the
argument in Theorem 4 [Mo.2], it follows that TnðoÞ satisﬁes Condition (S1)
perfectly in o: (Observe that Condition 3.4 in [Ru.2] holds perfectly by the
ordering of the ﬁxed Lyapunov spectrum.) Let O be the perfect event where (S1)
holds. Let codimV0ðoÞ ¼ Q; for all oAO; then, by ergodicity, codimVnðoÞ ¼
codim Ej0þ1ðyðn;oÞÞ ¼ Q: Hence (S2) holds for all oAO:
To establish a perfect version of (S3), we will prove the stronger statement that
ðTtðoÞ; yðt;oÞÞ satisﬁes (S3) perfectly in o: Deﬁne bTtðoÞ :¼ TtðoÞjV0ðoÞ; oAO;
tX0: Then bTtðoÞðV0ðoÞÞDV0ðyðt;oÞÞ; andbTt1þt2ðoÞ ¼ bTt2ðyðt1;oÞÞ3 bTt1ðoÞ ð5:1Þ
for all oAO; tX0: Deﬁne FtðoÞ :¼ log jj bTtðoÞjj; oAO; tX0: Then (5.1) implies that
ðFtðoÞ; yðt;oÞÞ is perfectly subadditive, and (iii) implies that sup0pt1;t2pT Fþt2 ðyðt1; ÞÞ
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is integrable for any ﬁnite T40: Hence Lemma 5.1 applies, and we get a ﬁxed





FtðoÞ ¼ F 
perfectly in o: Let S ¼ j0; and mðSþ1Þ :¼ lj0þ1; when lj0þ14N; if lj0þ1 ¼ N; we
set mðSþ1Þ to be any ﬁxed ﬁnite number in ðN; lj0Þ: From (3.5), p. 258 in [Ru.2], we
see that FpmðSþ1Þ: Let e40: If lj0þ14N; then by Lemma 5.2(2), we get
log jj bTtsðyðs;oÞÞjjpðt  sÞmðSþ1Þ þ et þ KeðoÞ; 0psptoN; ð5:2Þ
perfectly in o; with Ke %F-measurable. Note that by Lemma 5.2, KeðoÞ is ﬁnite
(perfectly in o) and satisﬁes the inequality
Keðyðl;oÞÞpKeðoÞ þ el
perfectly in o for all lA½0;NÞ: Putting t ¼ n; s ¼ m þ 1 in (5.2) where 0omon are
integers, shows that TnðoÞ satisﬁes (S3) perfectly in o:
Finally, we show that the above sequence also satisﬁes (S4) perfectly in o: In the
spirit of the preceding analysis, it is sufﬁcient to prove that the continuous-time
cocycle ðTtðoÞ; yðt;oÞÞ satisﬁes (S4) perfectly in o: Deﬁne the family of operators
Tˇ tðoÞ : H-V0ðyðt;oÞÞ>DH; eTtðoÞ : H-V0ðyðt;oÞÞDH via the orthogonal de-
composition
TtðoÞðxÞ ¼ Tˇ tðoÞðxÞ þ eTtðoÞðxÞ ð5:3Þ
for all xAH; tX0; oAO; where eTtðoÞðxÞAV0ðyðt;oÞÞ; Tˇ tðoÞðxÞAV0ðyðt;oÞÞ> are
the orthogonal projections of TtðoÞðxÞ on V0ðyðt;oÞÞ and V0ðyðt;oÞÞ>; respectively.
We claim that ðTˇ tðoÞ; yðt;oÞÞ satisﬁes the perfect cocycle identity in LðHÞ ([M-S.3],
Deﬁnition 1.2(ii)). To see this, ﬁx oAO; t1; t2X0; xAH and consider
Tt1þt2ðoÞðxÞ ¼Tt2ðyðt1;oÞÞ½Tt1ðoÞðxÞ
¼ Tˇ t2ðyðt1;oÞÞ½Tˇ t1ðoÞðxÞ þ Tˇ t2ðyðt1;oÞÞ½ eTt1ðoÞðxÞ
þ eTt2ðyðt1;oÞÞ½Tˇ t1ðoÞðxÞ þ eTt2ðyðt1;oÞÞ½ eTt1ðoÞðxÞ: ð5:4Þ
Now by the cocycle invariance of V0ðoÞ under TtðoÞ; it follows that Tˇ tðoÞðxÞ ¼ 0
whenever xAV0ðoÞ: Therefore Tˇ t2ðyðt1;oÞÞ½ eTt1ðoÞðxÞ ¼ 0: Thus (5.4) gives
Tt1þt2ðoÞðxÞ ¼ Tˇ t2ðyðt1;oÞÞ½Tˇ t1ðoÞðxÞ þ eTt2ðyðt1;oÞÞ½Tˇ t1ðoÞðxÞ
þ eTt2ðyðt1;oÞÞ½ eTt1ðoÞðxÞ ð5:5Þ
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¼ Tˇ t1þt2ðoÞðxÞ þ eTt1þt2ðoÞðxÞ ð5:6Þ
for all xAH: The ﬁrst term on the right-hand side of (5.5) belongs to V0ðyðt1 þ
t2;oÞÞ> and the second two terms belong to V0ðyðt1 þ t2;oÞÞ: Therefore by
uniqueness of the direct-sum representation on the right-hand side of (5.6), it follows
that
Tˇ t1þt2ðoÞðxÞ ¼ Tˇ t2ðyðt1;oÞÞ½Tˇ t1ðoÞðxÞ ð5:7Þ
for all xAH: This proves that ðTˇ tðoÞ; yðt;oÞÞ satisﬁes the perfect cocycle identity in
LðHÞ ([M-S.3], Deﬁnition 1.2(ii)). To complete the proof of (S4), note ﬁrst that the
integrability property (iii) of the lemma implies that
E sup
0pt1;t2pa
logþ jjTˇ t2ðyðt1; ÞÞjjLðHÞoN ð5:8Þ
for any ﬁnite a40: Applying the perfect Oseledec theorem to ðTtðoÞ; yðt;oÞÞ and









log jjTtðoÞðxÞjj ¼ lx;










log jjTnðoÞðxÞjj ¼ lx










holds perfectly in o for all xAH \V0ðoÞ: Hence, relation (3.6) in ([Ru.2], p. 259) may







jjTtðoÞðxÞjj ¼ 0 ð5:9Þ
for all xAH\V0ðoÞ:
We now complete the proof of the lemma by following the rest of the argument in
the proof of Proposition 3.2 in ([Ru.2], p. 259). By ([C-V], Theorem III.6, p. 65) and
Gram–Schmidt orthogonalization, we may select a set of Q; F-measurable,
orthonormal vectors fxð1Þ0 ðoÞ;y; xðQÞ0 ðoÞg such that xðkÞ0 ðoÞA½ErðkÞðoÞ\
ErðkÞþ1ðoÞ-V0ðoÞ> for k ¼ 1;y; Q; perfectly in o: In the argument in ([Ru.2],
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V0ðyðt;oÞÞ; and ZðkÞn by ZðkÞt ðoÞ :¼
Tˇ tðoÞðxðkÞ0 ðoÞÞ
jjTtðoÞðxðkÞ0 ðoÞÞjj






t ðoÞxðkÞt ðoÞ þ uðQþ1Þt ðoÞ; uðQþ1Þt ðoÞAV0ðyðt;oÞÞ; ð5:10Þ





log jdetðZð1Þt ðoÞ;y; ZðQÞt ðoÞÞj ¼ 0; ð5:11Þ
perfectly in o:
Finally, we will show that for any e40; there is an %F-measurable non-negative




for all tX0; 1pkpQ and for all lA½0;NÞ:
To prove the above inequalities, deﬁne




perfectly in o: We will ﬁrst show that DeðoÞoN perfectly in o: Let 0pspt: Using
the fact that the determinant of the linear operator Tˇ tsðyðs;oÞÞ is given by
jjVQk¼1 Tˇ tsðyðs;oÞÞðvkÞjj
jjVQk¼1 vkjj for any choice of basis fv1;y; vQg in V0ðyðs;oÞÞ>; it is





jdetðTˇ tsðyðs;oÞÞðxð1Þ0 ðyðs;oÞÞÞ;y; Tˇ tsðyðs;oÞÞðxðQÞ0 ðyðs;oÞÞÞÞj
¼
QQ
k¼1½jjTtsðyðs;oÞÞðxðkÞ0 ðyðs;oÞÞÞjj  jj
VQ
k¼1 ½Tˇ sðoÞðxðkÞ0 ðoÞÞjj
jdetðTˇ tsðyðs;oÞÞðTˇ sðoÞðxð1Þ0 ðoÞÞÞ;y; Tˇ tsðyðs;oÞÞðTˇ sðoÞðxðQÞ0 ðoÞÞÞÞj
p
QQ
k¼1½jjTtsðyðs;oÞÞðxðkÞ0 ðyðs;oÞÞÞjj  jjTˇ sðoÞðxðkÞ0 ðoÞÞjj
jdetðTˇ tðoÞðxð1Þ0 ðoÞÞ;y; Tˇ tðoÞðxðQÞ0 ðoÞÞÞj
¼
QQ
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pjjT
tsðyðs;oÞÞjjQ  jjTˇ sðoÞjjQ
jj½Tˇ tðoÞjV0ðoÞ>4Qjj
ð5:15Þ
perfectly in o: The integrability condition (iii) implies that
sup
0psptpa
jjTtsðyðs;oÞÞjjQ  jjTˇ sðoÞjjQoN














perfectly in o; where SðoÞ stands for the compact set
SðoÞ :¼ fðt; v1;y; vQÞ : tA½0; a; vkAV0ðoÞ>; jjvkjj ¼ 1;/vk; vlS ¼ 0; 1pkolpQg:
To establish (5.17), note that each map Tˇ tðoÞjV0ðoÞ> : V0ðoÞ>-V0ðyðt;oÞÞ> is
injective for each tX0 perfectly in o: This follows easily from the cocycle property








for all ðt; v1;y; vQÞASðoÞ: From hypothesis (v) of the lemma, the map








is jointly continuous. Hence by (5.18) and the compactness of SðoÞ; (5.17) follows.
In view of (5.15) and (5.17), one gets (5.16).







jdetðZð1Þtsðyðs;oÞÞ;y; ZðQÞtsðyðs;oÞÞÞj1 ¼ 0 ð5:19Þ
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k¼1 fjj½Ttsðyðs;oÞÞjErðkÞðyðs;oÞÞjj  jj½Tˇ sðoÞjErðkÞðoÞjjg
jj½Tˇ tðoÞjV0ðoÞ>4Qjj
for 0pspt perfectly in o: Take 1
t
log sup0pspt on both sides of the above inequality























ðt  sÞlrðkÞ þ et þ K1e ðoÞ þ
XQ
k¼1








lrðkÞ þ 2eþ 1
t
½K1e ðoÞ þ K2e ðoÞ 
1
t
log jj½Tˇ tðoÞjV0ðoÞ>4Qjj; t40
for arbitrary e40 where KieðoÞ; i ¼ 1; 2; are ﬁnite positive constants (independent
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log jdetðZð1Þt ðoÞ;y; ZðQÞt ðoÞÞj1 ¼ 0 ð5:21Þ
follows immediately from (5.11). Combining (5.20) and (5.21) yields (5.19).
Using (5.16), (5.19) and (5.13), it is now easy to see that DeðoÞ is ﬁnite perfectly
in o:
The reader may check that the last inequality in (5.12) follows directly
from (5.13).






t ðoÞZðkÞt ðoÞ; uAH; tX0:
View uˇðoÞ; ZðkÞt ðoÞ; 1pkpQ; as column vectors in RQ with respect to the
basis fxðkÞ0 ðyðt;oÞÞ : 1pkpQg: Solving the above equation for each uðkÞt ðoÞ
gives
juðkÞt ðoÞj ¼
detðZð1Þt ðoÞ;y; Zðk1Þt ðoÞ; uˇðoÞ; Zðkþ1Þt ðoÞ;y; ZðQÞt ðoÞÞ




jdetðZð1Þt ðoÞ;y; ZðQÞt ðoÞÞj
p ½DeðoÞ  1
Q
jjujjeet
pDeðoÞjjujjeet; 1pkpQ; tX0; ð5:22Þ






perfectly in o: This proves that TnðoÞ satisﬁes (S4) perfectly in o; and completes the
proof of the proposition. &
The following lemma is used in the discretization argument underlying the proof
of the local stable-manifold theorem (Theorem 4.1).
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Lemma 5.4. Assume the hypotheses of Lemma 3.2. Then there is a sure event O3AF
with the following properties:
(i) yðt; ÞðO3Þ ¼ O3 for all tAR:















log jjZðnr; ðv; ZÞ;oÞjj: ð5:24Þ
Proof. Using the integrability condition (3.2) of Lemma 3.2, the proof of the lemma
is exactly analogous to that of Lemma 3.4 in [M-S.4]. &
Proof of Theorem 4.1. All real-valued random variables in this proof will be taken to be
%F-measurable.
It is sufﬁcient to assume that r40: The case r ¼ 0 is handled in [M-S.4],
Theorem 3.1.
The proof of Theorem 4.1 will build on Proposition 4.1 and its proof. Recall the
notations and assertions of Proposition 4.1 and its proof. Our ﬁrst task is to show
that the sure event O1AF can be chosen such that yðt; ÞðO1Þ ¼ O1 for all tAR; and
for each oAO1; the random family of C
k;e discrete-time stable submanifolds eSdðoÞ
of %Bð0; r1ðoÞÞ are given by:eSdðoÞ ¼ fðv; ZÞA %Bð0; r1ðoÞÞ : jjZðnr; ðv; ZÞ;oÞjjM2pb1ðoÞeðli0þe1Þnr
for all integers nX0g; ð5:25Þ
where r1; b1 : O

1-ð0; 1Þ are %F-measurable positive random variables. Each eSdðoÞ
is tangent at 0 to the stable subspace SðoÞ of the linearized ﬂow D2X ; viz.









jjZðnr; ðv1; Z1Þ;oÞ  Zðnr; ðv2; Z2Þ;oÞjj
jjðv1; Z1Þ  ðv2; Z2Þjj
2664
3775pli0 : ð5:26Þ
We will outline the construction of the yðt; Þ-invariant sure event O1 referred to
above. This will follow from the proof of Theorem 5.1 ([Ru.2], p. 272) coupled with
additional perfection arguments given in Lemmas 5.1, 5.2, 5.3. More speciﬁcally, and
in the notation of [Ru.2], let TtðoÞ :¼ D2Zðrt; 0;oÞ; f ðoÞ :¼ yðr;oÞ; TnðoÞ :¼
D2Zðr; 0; yððn  1Þr;oÞÞ; tARþ; nAZþ: By the integrability property (3.2) of
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Lemma 3.2 and the perfect ergodic theorem (Lemma 5.1(ii)), one may replace (5.3) in





logþ jjZðr; ; yðt;oÞÞjj1;e ¼ 0: ð5:27Þ
The above relation holds perfectly in o; viz. there is a sure event O1AF such that
yðt; ÞðO1Þ ¼ O1 for all tAR and (5.27) holds for all oAO1: In the notation of
Theorem 1.1 ([Ru.2], p. 248), set S ¼ i0  1; ﬁxed, and mðSþ1Þ ¼ li0 ; when li04N;
if li0 ¼ N; we replace mðSþ1Þ by any ﬁxed number in ðN; 0Þ: In view of the
integrability property (3.2) of Lemma 3.2, and Lemma 5.3 (with t0 ¼ r; j0 ¼ i0  1), it




1; yðt; ÞðO2Þ ¼ O2 for all
tAR; and the sequence fTnðoÞ; VnðoÞ :¼ Ei0ðyðnr;oÞÞ; nX1g; satisﬁes Conditions
(S) of [Ru.2], p. 256, for every oAO2: Fixing any oAO

2; we continue to follow the
proof of Theorem 5.1 in ([Ru.2], pp. 274–278). In particular, Ruelle’s ‘‘perturbation
theorem’’ (Theorem 4.1, [Ru.2], pp. 262–263) holds for the sequence TnðoÞ; nX1;
and therefore the results quoted in the previous paragraph hold for k ¼ 1; eAð0; dÞ:
To see that the Ck;e manifolds ðk41; eAð0; dÞÞ eSdðoÞ are deﬁned perfectly in o; we
follow the inductive argument in ([Ru.2], pp. 278–279), by applying the previous
analysis to the following perfect cocycle on M2"M2:
ðZˇðt; ðv; ZÞ; ðv1; Z1Þ;oÞ :¼ ðZðt; ðv; ZÞ;oÞ; D2Zðt; ðv; ZÞ;oÞðv1; Z1ÞÞ; yðt;oÞÞ;
for ðv; ZÞ; ðv1; Z1ÞAM2; tX0: The inductive argument yields that eSdðoÞ is a Ck;e
manifold perfectly in o:
Consider the set eSðoÞ; oAO1; deﬁned in part (a) of the theorem. Then as in the
proof of Proposition 4.1, it follows that eSðoÞ is a Ck;e manifold ðk41; eAð0; dÞÞ for
all oAO1; TY ðoÞ eSðoÞ ¼ T0 eSdðoÞ ¼SðoÞ; and codim eSðoÞ ¼ codim SðoÞ is
ﬁnite and non-random.






log jjZðnr; ðv; ZÞ;oÞjjpli0 ð5:28Þ
for all o in the shift-invariant sure event O1 and ðv; ZÞA eSdðoÞ: Therefore by Lemma









log jjZðt; ðv; ZÞ;oÞjjpli0 ð5:29Þ
for all oAO3 and all ðv; ZÞA eSdðoÞ: Now inequality (5.1) of the theorem follows
directly from (5.29) and the deﬁnition of Z ((3.1) in Section 3).
We next prove assertion (b) of the theorem. Take any oAO1: By (5.26), there
is a positive integer N0 :¼ N0ðoÞ (independent of ðv; ZÞA eSdðoÞ) such that
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jjD2Zðu; ðv; ZÞ; yðt;oÞÞjjLðM2Þ ¼ 0
for all oAO3 (Lemma 5.1(ii)). Let O4 :¼ O3-O3: Then O4AF; is a sure event and
yðt; ÞðO4Þ ¼ O4 for all tAR: By a similar argument to the one used in the proof of








jjXðt; ðv1; Z1Þ;oÞ  X ðt; ðv2; Z2Þ;oÞjj










jjZðt; ðv1; Z1Þ;oÞ  Zðt; ðv2; Z2Þ;oÞjj








jjD2Zðu; ðv; ZÞ; yðnr;oÞÞjjLðM2Þ






jjZðnr; ðv1; Z1Þ;oÞ  Zðnr; ðv2; Z2Þ;oÞjj
jjðv1; Z1Þ  ðv2; Z2Þjj
2664
3775
for all oAO4; all nXN0ðoÞ and sufﬁciently large. Taking lim supn-N in the above
inequality and using (5.26), immediately gives assertion (b) of the theorem.
To prove the cocycle-invariance statements (c), we begin by inclusion (5.3)
in the theorem. This is proved by applying the (perfect continuous-time
version of the) Oseledec theorem to the linearized cocycle ðD2Xðt; Y ðoÞ;oÞ;
yðt;oÞÞ ([Mo.2], Theorem 4, Corollary 2). Hence there is a sure yðt; Þ-invariant
event, also denoted by O1AF; such that D2X ðt; Y ðoÞ;oÞðSðoÞÞDSðyðt;oÞÞ for all
tX0 and all oAO1:
We next prove the asymptotic invariance property (5.2) of the theorem. To this
end, we will need to modify the proofs of Theorems 5.1 and 4.1 in ([Ru.2], pp. 262–
279). We will ﬁrst show that two random variables r1; b1 and a sure event (also
denoted by) O1 may be chosen such that yðt; ÞðO1Þ ¼ O1 for all tAR; and
r1ðyðt;oÞÞXr1ðoÞeðli0þe1Þt; b1ðyðt;oÞÞXb1ðoÞeðli0þe1Þt ð5:30Þ
for every oAO1 and all tX0: For the given choice of e1; ﬁx 0oe3o eðli0 þ e1Þ=4:
The above inequalities hold in the discrete case (when t ¼ n; a positive integer) from
Theorem 5.1(c) ([Ru.2], p. 274). We claim that r1 and b1 may be redeﬁned so that
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relations (5.30) hold for continuous time. To see this, we will modify the deﬁnitions of
these random variables in the proofs of Theorems 5.1 and 4.1 in [Ru.2]. In the
notation of the proof of Theorem 5.1 ([Ru.2], p. 274), we replace the random
variable G in (5.4) ([Ru.2], p. 274) by the larger one
eGðoÞ :¼ sup
tX0
jjZðr; ; yðt;oÞÞjj1;e eðte3leÞ: ð5:31Þ
In (5.31), eAð0; dÞ stands for the Ho¨lder exponent of the semiﬂow X : By (5.27)
and Lemma 3.2, it is easy to see that eGðoÞoN perfectly in o: Following
([Ru.2], pp. 266, 274), the random variables r1; b1 may be chosen according
to the relations
b1 :¼










where A; d1 and Be3 are random positive constants that are deﬁned via
continuous-time analogues of the relations (4.26), (4.18)–(4.21), (4.24), (4.25)
in ([Ru.2], pp. 265–267), with Z replaced by e3: In particular, the ‘‘ancestry’’ of
A; d1 and Be3 in Ruelle’s argument may be traced back to the constants
De3 ; Ke3 which appear in Lemmas 5.3 and 5.2 of this article. Thus, in order to








2 De3ðoÞ;eGðyðl;oÞÞ pee3l eGðoÞ
9>>=>>; ð5:34Þ
hold perfectly in o for all lX0: The ﬁrst inequality in (5.34) follows from Lemma
5.2(2), while the second inequality is a consequence of Lemma 5.3. The third
inequality in (5.34) follows directly from (5.31). In view of (5.32) and (5.33), (5.30)
holds. This completes the proof of (5.30).
We are now ready to prove the asymptotic invariance property (5.2) in (c) of the
theorem. Use (b) to obtain a sure event O5DO

4 such that yðt; ÞðO5Þ ¼ O5 for all
tAR; and for any 0oe0oe1 and oAO5; there exists be
0 ðoÞ40 (independent of ðv; ZÞ)
with
jX ðt; ðv; ZÞ;oÞ  Yðyðt;oÞÞjpbe0 ðoÞeðli0þe0Þt ð5:35Þ
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for all ðv; ZÞA eSðoÞ; tX0: Fix any real tX0; oAO5 and ðv; ZÞA eSðoÞ: Let n be a non-
negative integer. Then the cocycle property and (5.35) imply that
jX ðnr; X ðt; ðv; ZÞ;oÞ; yðt;oÞÞ  Y ðyðnr; yðt;oÞÞÞj
¼ jX ðnr þ t; ðv; ZÞ;oÞ  Yðyðnr þ t;oÞÞj
pbe0 ðoÞeðli0þe0ÞðnrþtÞ
pbe0 ðoÞeðli0þe0Þteðli0þe1Þnr: ð5:36Þ
If oAO5; then it follows from (5.30), (5.35), (5.36) and the deﬁnition of eSðyðt;oÞÞ
that there exists t1ðoÞ40 such that X ðt; ðv; ZÞ;oÞA eSðyðt;oÞÞ for all tXt1ðoÞ: This
proves the invariance property (5.2) and completes the proof of assertion (c) of the
theorem.
We now prove assertion (d) of the theorem, regarding the existence of the local
unstable manifolds eUðoÞ perfectly in o: Deﬁne the random ﬁeld bZ : Rþ  M2 
O-M2 by
bZðt; ðv; ZÞ;oÞ :¼ Xðt; ðv; ZÞ þ Y ðyðt;oÞÞ; yðt;oÞÞ  Y ðoÞ ð5:37Þ
for all tX0; ðv; ZÞAM2; oAO: Observe that bZðt; ;oÞ ¼ Zðt; ; yðt;oÞÞ; tX0;
oAO; and bZ is ðBðRþÞ#BðM2Þ#F;BðM2ÞÞ-measurable, by the remark following
the proof of Theorem 4.1 in [M-S.3]. From (2.4) (Section 2) (with s ¼ t), it follows
immediately that bZðt; 0;oÞ ¼ 0 for all tX0; oAO: Using the fact that
ðD2Xðt; YðoÞ;oÞ; yðt;oÞÞ is an LðM2Þ-valued perfect cocycle, it is easy to see that
ð½D2 bZðt; 0;oÞ; yðt;oÞ; tX0Þ is a perfect linear cocycle (in LðM2Þ).
We next show that the cocycles ðD2X ðt; Y ðoÞ;oÞ; yðt;oÞ; tX0Þ and
ð½D2 bZðt; 0;oÞ; yðt;oÞ; tX0Þ have the same Lyapunov spectrum with multi-




jj½D2 bZðt2; 0; yðt1;oÞÞjjLðM2Þ dPðoÞoN ð5:38Þ
for any ﬁxed TAð0;NÞ: To prove (5.38), use (2.5) of Lemma 2.1 and the P-
















jjD2X ðt2; Yðyðt1;oÞÞ; yðt1;oÞÞjjLðM2Þ dPðoÞ
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jjD2Xðt2; Yðyðt1;oÞÞ; yðt1;oÞÞjjLðM2Þ dPðoÞoN:
In view of the integrability property (5.38), it follows that the linear cocycle
ð½D2 bZðt; 0;oÞ; yðt;oÞ; tX0Þ has a ﬁxed discrete Lyapunov spectrum which
coincides with that of ðD2Xðt; Y ðoÞ;oÞ; yðt;oÞÞ; viz. f?liþ1olio?ol2ol1g
where lia0 for all iX1; by hyperbolicity. See [Ru.2], Section 3.5, p. 261.





jj bZðt2; ; yðt1;oÞÞjjk;e dPðoÞoN;
which follows from the P-preserving property of yðt; Þ; tAR; and Lemma 3.2. Deﬁne
i0 as before, so that li01 is the smallest positive Lyapunov exponent of the linearized
cocycle. Fix 0oe2oli01: In view of the above integrability property, it follows from
Lemma 5.3 that the sequence eTnðoÞ :¼ ½D2 bZðr; 0; yðnr;oÞÞ; yðnr;oÞ; nX0;
satisﬁes Condition (S) of [Ru.2] perfectly in o: Therefore Proposition 3.3 in [Ru.2]
implies that the sequence eTnðoÞ; nX1; satisﬁes Corollary 3.4 ([Ru.2], p. 260) perfectly
in o: Now one can adapt the proof of Theorem 6.1 ([Ru.2], p. 280) along similar lines
to the preceding arguments in this proof. This yields a yðt; Þ-invariant sure eventbO1AF and %F-measurable random variables r2; b2 : bO1-ð0; 1Þ with the following
properties. For li01oN; let eUdðoÞ be the set of all ðv0; Z0ÞA %Bð0; r2ðoÞÞ with the
property that there is a discrete ‘‘history’’ process uðnr; Þ : O-M2; nX0; such that
uð0;oÞ ¼ ðv0; Z0Þ; bZðr; uððn þ 1Þr;oÞ; yðnr;oÞÞ ¼ uðnr;oÞ and jjuðnr;oÞjjp
b2ðoÞenrðli01e2Þ for all nX0: When li01 ¼N; take eUdðoÞ to be the set of all
ðv0; Z0ÞAM2 with the property that there is a discrete history process uðnr; Þ :
O-M2; nX0; such that uð0;oÞ ¼ ðv0; Z0Þ; and jjuðnr;oÞjjpb2ðoÞelnr for all nX0
and arbitrary l40: The history process uðnr; Þ is uniquely determined by ðv0; Z0Þ
([Ru.2], p. 281). Furthermore, for every oAbO1; eUdðoÞ is a Ck;e (eAð0; dÞ) ﬁnite-
dimensional submanifold of %Bð0; r2ðoÞÞ with tangent space UðoÞ at 0: Also
dim eUdðoÞ is ﬁxed independently of o and e2; and the following estimates hold
perfectly in o for all tX0:
r2ðyðt;oÞÞXr2ðoÞeðli01e2Þt; b2ðyðt;oÞÞXb2ðoÞeðli01e2Þt: ð5:39Þ
The ﬁrst two assertions in (d) of the theorem follow by the same argument as the
one used in the proof of Proposition 4.1(d).
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To prove the third assertion in part (d) of the theorem, let ðv; ZÞAeUðoÞ and write
ðv; ZÞ ¼ ðv0; Z0Þ þ Y ðoÞ where ðv0; Z0ÞAUdðoÞ: Recall that y0 is deﬁned by
y0ðnrÞ :¼ uðnrÞ þ Y ðyðnr;oÞÞ; nX0: ð5:40Þ
We will prove that y0 extends to a continuous-time history process yð;oÞ :
ðN; 0-M2 such that yð0;oÞ ¼ ðv; ZÞ; and yð;oÞ satisﬁes the third assertion in (d)
of the theorem. To do this, we use the cocycle property of X to interpolate within the
delay periods ½ðn þ 1Þr;nr; nX0: Let sAððn þ 1Þr;nrÞ: and write s ¼ a
ðn þ 1Þr for some aAð0; rÞ: Deﬁne
yðs;oÞ :¼ X ðs þ ðn þ 1Þr; y0ððn þ 1Þr;oÞ; yððn þ 1Þr;oÞÞ:
Clearly yð0;oÞ ¼ ðv0; Z0Þ þ Y ðoÞ ¼ ðv; ZÞ: Fix sAððn þ 1Þr;nrÞ as above and let
0otp s: Then there is a positive integer mon such that s þ tA½ðm þ 1Þr;mr:
Using the perfect cocycle property for X and the above deﬁnition of y; the reader
may check that
yðt þ s;oÞ ¼ X ðt; yðs;oÞ; yðs;oÞÞ: ð5:41Þ
(Note that if we put s ¼ t in (5.41), we get X ðt; yðt;oÞ; yðt;oÞÞ ¼ ðv; ZÞ for all
tX0:)





log jjyðt;oÞ  Yðyðt;oÞÞjjp li01 ð5:42Þ





log jjyðnr;oÞ  Yðyðnr;oÞÞjjM2p li01 ð5:43Þ
perfectly in o: For each tAðnr; ðn þ 1ÞrÞ; write t ¼ a ðn þ 1Þr for some aAð0; rÞ:
Then by the deﬁnition of y and the Mean Value Theorem, we have
jjyðt;oÞ  Yðyðt;oÞÞjjM2
¼ jjX ða; yððn þ 1Þr;oÞ; yððn þ 1Þr;oÞÞ




jjD2X ða; ðv; ZÞ þ Yðyððn þ 1Þr;oÞÞ; yððn þ 1Þr;oÞÞjjLðM2Þ
 jjyððn þ 1Þr;oÞ  Yðyððn þ 1Þr;oÞÞjjM2
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log jjyððn þ 1Þr;oÞ  Y ðyððn þ 1Þr;oÞÞÞjjM2 :
The ﬁrst term on the right-hand side of the above inequality is zero, perfectly in
oAO; because of Lemma 5.1(ii) and the integrability condition (3.2) of Lemma 3.2.
The second term is less than or equal to li01 because yð0ÞAeUðoÞ: The uniqueness
of the continuous-time history process for a given ðv; ZÞAeUðoÞ follows from that of
the discrete-time process, (5.41) and forward uniqueness of the trajectories of (I).
Hence the proof of assertion (d) of the theorem is complete.
The proof of assertion (e) of the theorem uses an interpolation argument similar to
the above. The reader may check the details.
We will now verify the asymptotic invariance property in ( f ), that is
eUðoÞDXðt; ; yðt;oÞÞðeUðyðt;oÞÞÞ; tXt2ðoÞ ð5:44Þ
perfectly in o for some t2ðoÞ40: To do this, let ðv; ZÞAeUðoÞ: Then by assertions
(d), (e) of the theorem and inequalities (5.39), there exists a (unique) history
process yðt;oÞ; tX0; and a random time t2ðoÞ40 such that yð0;oÞ ¼
ðv; ZÞ; yðt;oÞA %BðYðyðt;oÞÞ; r2ðyðt;oÞÞÞ for all tXt2ðoÞ; and
yðt0  t;oÞ ¼ Xðt0; yðt;oÞ; yðt;oÞÞ; 0ot0pt; ð5:45Þ
perfectly in o: Fix t1Xt2ðoÞ: Note that by (5.45) ( for t ¼ t0 ¼ t1), we have ðv; ZÞ ¼
Xðt1; yðt1;oÞ; yðt1;oÞÞ: We claim that yðt1;oÞAeUðyðt1;oÞÞ (and in fact
yðu;oÞAeUðyðu;oÞÞÞ for all uXt2ðoÞ: To see this, deﬁne the process
y1ðt;oÞ :¼ yðt  t1;oÞ; tX0: Then y1ð;oÞ is a history process with y1ð0;oÞ ¼
yðt1;oÞA %BðYðoÞ; r2ðyðt1;oÞÞÞ: Therefore yðt1;oÞAeUðyðt1;oÞÞ: Since t1Xt2ðoÞ
is arbitrary, (5.44) follows. The invariance assertion (5.4) in ( f ) of the theorem and
the fact that
D2X ðt; ; yðt;oÞÞjUðyðt;oÞÞ : Uðyðt;oÞÞ-UðoÞ; tX0;
is a linear homeomorphism onto, are consequences of the Oseledec theorem and the
cocycle property for the linearized semiﬂow; cf. [Mo.2], Corollary 2(v) of Theorem 4.
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The transversality assertion in (g) of the theorem follows immediately from the
relations
TYðoÞ eUðoÞ ¼ UðoÞ; TY ðoÞ eSðoÞ ¼ SðoÞ; M2 ¼ UðoÞ"SðoÞ
which hold perfectly in o:
Taking O :¼ O1-bO1; completes the proof of assertions (a)–(g) of the theorem.
Suppose Hypothesis ðSMWÞk;d holds for every kX1 and dAð0; 1: Then a simple
adaptation of the argument in [Ru.2], Section (5.3) (p. 297) gives a yðt; Þ-invariant
sure event inF; also denoted by O; such that eSðoÞ and eUðoÞ are CN for all oAO:
The proof of Theorem 4.1 is now complete. &
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Appendix A
The following result is due to Itoˆ and Nisio [I-N]. It gives sufﬁcient conditions for
the existence of stationary solutions of the sfde (I). In [I-N], various conditions on
the coefﬁcients H; G of the sfde (I) are given which guarantee the existence (and
uniqueness) of stationary solutions of (I) hence of stationary points ([I-N], Theorems
4, 5, 6, 7, 12, 13). More speciﬁcally, let ðO;F; ðFtÞtAR; PÞ be the standard ﬁltered
Wiener space, with O :¼ CðR;Rp; 0Þ; the space of all continuous paths o : R-Rp
such that oð0Þ ¼ 0; given the topology of uniform convergence on compacta and the
Borel s-algebraF: For each t; letFt be the P-completed s-algebra generated by all
evaluations O{o/oðuÞ  oðvÞARp; vpupt: Denote by y : R O-O the cano-
nical two-sided Wiener shift
yðt;oÞðsÞ ¼ oðt þ sÞ  oðtÞ; t; sAR; oAO;
and by W : R O-Rp the p-dimensional Brownian motion:
Wðt;oÞ :¼ oðtÞ; oAO; tAR:
Deﬁne eO :¼CðR;RdÞCðR;Rp; 0Þ: Denote by fF :¼BðCðR;RdÞÞ#BðCðR;Rp; 0ÞÞ
the Borel s-algebra of eO: Deﬁne the processes xN : R eO-Rd and WN : ReO-Rp by
xNðt; eoÞ :¼ f ðtÞ; WNðt; eoÞ :¼ Wðt;oÞ ¼ oðtÞ;
for all tAR; eo :¼ ð f ;oÞAeO:
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Following [I-N], say that xN is a stationary solution of (I) if there exists a
probability measure PN on ðeO;fFÞ such that the following is true:
(i) WN is p-dimensional standard Brownian motion on ðeO;fF; PNÞ:
(ii) ðxN; dWNÞ are strictly stationarily correlated in the sense that the law of the
process
ðxNðt; Þ; WNðu; Þ  WNðv; Þ; tAR; vpuÞ
is invariant under time-shifts.
(iii) The s-algebra sfxNðuÞ : uptg3sfWNðu; Þ  WNðv; Þ; vpuptg is indepen-
dent of sfWNðu; Þ  WNðv; Þ; tpvpug under PN for each tAR:
(iv) xN is a two-sided solution of (I) when W is replaced by WN:
dxNðtÞ ¼ HðxNðtÞ; xNt Þ dt þ GðxNðtÞÞ dWNðtÞ; t4s4N: ðINÞ
The following result is proved in [I-N] for the one-dimensional case d ¼ 1: The
reader may note the argument in the proof of Theorem 3 ([I-N], p. 25) extends to
cover the multidimensional case d41:
Theorem A.1 (Itoˆ and Nisio [I-N]). Assume that the coefficients H and G of the sfde
(I) satisfy Hypotheses ðSMWÞk;d: Suppose (I) has a solution xð0;0Þ : ½r;NÞ  O-Rd
which satisfies suptX0 Ejxð0;0ÞðtÞj2oN: Then (I) has a stationary solution xN satis-
fying EjjðxNðtÞ; xNt Þjj2M2oN for all tAR:
Proof. We will use the proof of Theorem 3, p. 25, in [I-N].
First, we will reconcile our set-up with that of [I-N]. The hypotheses on the
coefﬁcients of (I) imply that H : M2-R
d ; G : Rd-LðRp;RdÞ are globally Lipschitz
and H is globally bounded. Deﬁne the map Q : CððN; 0;RdÞ-M2 :¼ Rd 
L2ð½r; 0;RdÞ by
Qð f Þ :¼ ð f ð0Þ; f j½r; 0Þ; fACððN; 0;RdÞ:
It is easy to see that Q is continuous linear if CððN; 0;RdÞ is furnished with the
compact-open topology. Deﬁne the mappings eH : CððN; 0;RdÞ-Rd ; eG :
CððN; 0;RdÞ-LðRp;RdÞ by
eHð f Þ :¼ HðQð f ÞÞ; eGð f Þ :¼ Gð f ð0ÞÞ
for all fACððN; 0;RdÞ: Therefore, eH; eG are continuous on CððN; 0;RdÞ; and
there are positive (deterministic) constants M1; M2 such that the following inequality
holds:
j eHð f Þj2 þ j eGð f Þj2pM1 þ M2j f ð0Þj2
ARTICLE IN PRESS
S.-E.A. Mohammed, M.K.R. Scheutzow / Journal of Functional Analysis 206 (2004) 253–306 303
for all fACððN; 0;RdÞ: This means that eH; eG satisfy Condition ðA:200Þ (p. 25) of
[I-N]. Now consider the unique solution xð0;0Þ : ½r;NÞ  O-Rd of the sfde
dxð0;0ÞðtÞ ¼ Hðxð0;0ÞðtÞ; xð0;0Þt Þ dt þ Gðxð0;0ÞðtÞÞ dW ðtÞ; t40;
xð0;0ÞðtÞ ¼ 0  rptp0:
)
ðIÞ
Deﬁne ex : R O-Rd by
exðtÞ :¼ xð0;0ÞðtÞ; t40;
0; tp0:
(
Clearly ex is ðFtÞtAR-adapted and sample-continuous. Following [I-N], deﬁne pt :
CðR;RdÞ-CððN; 0;RdÞ; tAR; by
ptð f ÞðsÞ :¼ f ðt þ sÞ; sp0
for all fACðR;RdÞ: Hence ptðexÞj½r; 0 ¼ xt for any tAR: Furthermore, a
straightforward computation shows that
dexðtÞ ¼ eHðptðexÞÞ dt þ eGðptðexÞÞ dW ðtÞ; t40;exðtÞ ¼ 0 Notp0:
)
ðeIÞ
Now by hypothesis, suptX0 EjxðtÞj2oN: Therefore, suptX0 EjexðtÞj2oN: Hence the
sfde
dexðtÞ ¼ eHðptðexÞÞ dt þ eGðptðexÞÞ dWNðtÞ; t4s4N; ðeINÞ
admits a stationary solution xN : R eO-Rd deﬁned on the probability space
ðeO;fF; PNÞ (cf. [I-N], Theorem 3, p. 25). Now xN is also a stationary solution of (I)
when W is replaced by WN: To see this, note ﬁrst that ptðxNÞj½r; 0 ¼ xNt for all
tAR: Therefore,
dxNðtÞ ¼ eHðptðxNÞÞ dt þ eGðptðxNÞÞ dWNðtÞ;
¼HðQðptðxNÞÞÞ dt þ GðptðxNÞð0ÞÞ dWNðtÞ;
¼HðxNðtÞ; xNt Þ dt þ GðxNðtÞÞ dWNðtÞ;
for t4s4N; PN-a.s. Furthermore, EjjðxNðtÞ; xNt Þjj2M2oN for all tAR: This
completes the proof of the theorem. &
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